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Chapter 1
Introduction

The aim of this thesis to explain how to use elementary submodels to prove new
theorems or to simplify old proofs in various areas of set theory, for example in
infinite combinatorics.

This thesis consists of two main parts. In the first section (Chapter 3) we
introduce the classical methods for proving two famous theorems of Erdos-Rado and
in the second section (Chapters 4-6) we present the technique of using elementary
submodels with the necessary preliminaries to understand them fully. The two parts
do not depend on each other and can be read independently.

In Chapter 2 we lay out some preliminaries which is necessary for the thesis.
In Chapter 3 we introduce the main concepts we will use in the first part and in-
vestigate some of their properties: cofinalities, club sets and stationary sets. Then,
we showcase the main theorem for the two Erdos-Rado proofs, the Fodor’s pressing
down lemma. It says that a regressive function is necessarily constant on a sig-
nificantly large subset of the domain. The first Erdos-Rado theorem we prove is
about the existence of a A-system and the second is a Ramsey style question, which
tells us about a large monochromatic set that we can always select when coloring a
sufficiently large graph.

Onto the second part, in Chapter 4 we introduce the sets Hy for every cardinal
0. They will be useful in Chapter 5, where we define elementary substructures
and apply the theory to get elementary submodels from the sets Hy. We first
introduce important notions from logic, we define structures, terms and first-order
formulas and precisely show what we mean by the value of a term and the truth of
a formula. Then, we prove theorems about the existence of elementary submodels
and investigate some of its interesting properties we can use later. In Chapter 6

we show some interesting applications of elementary submodels in topology, infinite
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combinatorics and in the last chapter we revisit the well-known A-system lemma

and we prove it using elementary submodels.



Chapter 2
Preliminaries

We assume that the reader is familiar with basic notions and definitions from set
theory and topology.

In some introductory set theory classes they define an ordinal as the equivalence
class of well-ordered sets. We now use the Von Neumann definition of ordinals which
means that we define every ordinal as a particular set that (canonically) represents
the class. Thus, an ordinal number will be a well-ordered set; and it can be shown by
transfinite induction that every well-ordered set will be order-isomorphic to exactly
one ordinal number. This definition will imply that each ordinal is the set of all
smaller ordinals. Formally, a set A is an ordinal if and only if A is well-ordered with
respect to € and every element of A is also a subset of A. For example, the first few

Von Neumann ordinals are:

0=1{}=0

1= {0} = {0}

2=1{0,1} = {0, {0}}
3=1{0,1,2} = {0, {0}, {0, {0}}}

If we consider an ordering < on A, we view the set < as a subset of A x A.
A pair (z,y) €< if and only if z < y. The expression z < y is a shorthand for
(x,y) €E<orz=y.

Definition 2.0.1. We say that the ordered sets (A, <) and (B, <) are isomorphic

if there exists a function f: A — B which is an order-preserving bijection.

Definition 2.0.2. Let (A, <) be a well-ordered set. The order type tp((A, <)) of the

set (A, <) is the unique Von Neumann ordinal o such that («, €) is isomorphic to

6
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(A, <). If the ordering is obvious from the context we usually write tp(A).
Notation 2.0.3. We will denote the cardinality of the real line (continuum) with c.

Notation 2.0.4. For a cardinal k we will denote the successor cardinal of k with

kT,

Definition 2.0.5. For a set z, let Uz :={z | Jy(z €y Ay € x)}.
Notation 2.0.6. A set x is called transitive if for all y € x we have that y C x.

In other words if for all z € y € x we have that z € x, hence the name transitive.

We will use the following notation as well:
Notation 2.0.7. For cardinals k, \ the set [k]* :== {A C H"A‘ = \}.

If not indicated otherwise the symbols A, &, pt, (k¢) will denote cardinal num-

bers.



Chapter 3

Infinite combinatorics

3.1 Cofinalities

Definition 3.1.1. Let (A, <) be an ordered set. A subset B C A is called unbounded
or cofinal if for every x € A there exists y € B such that y > .

Theorem 3.1.2. (Hausdorff) Let (A, <) be an ordered set. There exists B C A
such that B is unbounded, <|pxp is a well-ordering of B and tp(B) <|A|.

Proof. Let us consider a < well-ordering of A with ¢tp(A) =|A|. We will construct
a subset B C A such that B is unbounded and <[gxp==<[pxp. Let the definition
of the set B be as follows: B := {z | + <y = x < y} Suppose for a contradiction
that B is not unbounded: Ja € A Vb € B b < a. Then the set

S={acA|Vbe Bb<a}

is not empty, so there exists a <-minimal element a € S. We claim that a € B.
Suppose for a contradiction that a ¢ B, hence there exists y € A such that a < v,
but a > y. This means that y € S as well and a is not <-minimal. This concludes

that a € B so a < a, which is a contradiction. O

Definition 3.1.3. Let (A, <) be an ordered set. Then

cf((A, <)) := min {|B| ’B C A, B is unbounded and <[ B x B is a well-ordering of B}.

For brevity, we denote cf((A, <)) by cf(A) if the ordering is obvious from the context.

This definition is correct, because Theorem 3.1.2 guarantees the existence of at

least one set B according to the given conditions. Note that for an ordered set A,

8
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cf(A) is always a cardinal.

Definition 3.1.4. Let a be a limit ordinal. We call v reqular if and only if cf(a) =

a, and singular otherwise.

Note that for a singular ordinal «, the cardinal cf(«) < a. It is easy to see the

following fact.
Fact 3.1.5. If « is a reqular ordinal, then « is a cardinal.
Proposition 3.1.6. Let o be an ordinal. Then cf(cf(a)) = cf(a).

Proof. We know, that cf(cf(«)) < cf(a). Now we show the inequality in the other
direction. Let {o; | ¢ € cf(a)} be an increasing unbounded subset of « of type cf («).
Suppose that I C cf(«) is an unbounded subset of cf(a). Then, {«; | i € I} is an
unbounded subset of «, hence cf(cf(a)) > cf (). O

Remark 3.1.7. The proposition above is true not just for cardinals, but for all

ordered sets (A, <) as well.
The proposition above shows that for an ordinal «, the cardinal cf(«) is regular.
Proposition 3.1.8. Let k be an infinite cardinal. Then the cardinal k™ is reqular.

Proof. Suppose for a contradiction, that cf (k™) < k. This means, that cf(s") < &,
so there exists a (3;);<, unbounded subset of k*, where of course 3; < k™, so|5;| < k.
Now, the union U f; is equal to kt, so we have written k' as a union of x many
sets, each of whilc<hnsize < k, which gives a contradiction. O

Proposition 3.1.9. Let k be an infinite cardinal. Then

cf(k) =min{\ | Y ke = Kk, ke < K}
£<X
Proof. Let 7 := min{\ | ¥ ke = Kk, ke < r}. First, it is easy to see that cf(x) > 7.
£<N
Let’s consider an unbounded subset C' C k such that |C| = cf(k). I claim that the

sum of the elements of C'is k. It can not be smaller than & since for every oo < k the

sum Y || contains an ordinal bigger then «. It is also not bigger then x because
acC
> la| < cf(k) -k < K2 = k.
acC
Now, suppose for a contradiction that cf(k) > 7. Let A := {ke | 3 ke = K}.
&<t
Of course |A| = 7 < cf(k) so A is bounded in x. This means that there exists
B <k V&: ke <P. Hence, k = Y ke < 7-|f] = max(r,|5]) < x which finishes
&<t

the proof. O



Stationary sets 10

3.2 Stationary sets

From now on let k > w; be a regular cardinal. In this chapter we define the

stationary and club sets and introduce some properties of them.

Definition 3.2.1. A set Z C k is a closed set if and only if for every reqular A < k
and for every strictly increasing sequence of type X\, the limit of the sequence is in
Z.

Definition 3.2.2. A set E C k is a club set if and only if it is closed and unbounded.

Definition 3.2.3. A set S C k is a stationary set if and only if for VE C k club
set ENS # 0.

Proposition 3.2.4. Let S C k be a stationary set. Then, |S| = k.

Proof. Suppose for a contradiction that |S| < x. This means that S can’t be un-
bounded in x by the regularity of k. Let a :=sup S < k. The set [+ 1,k) C Kk is a
club set, because it is closed and unbounded, but [« + 1,x) NS = (), contradicting
that S is stationary. O

Proposition 3.2.5. Fiz a cardinal A < k. Let (E, C k,a € \) be club sets. Then
No Eo is a club set. In other words, the intersection of fewer than k many club sets

1s also a club set.

Proof. First, the intersection of closed sets is closed. To show that the intersection
is unbounded, fix # < k. We will find an element in the intersection, which is bigger
than §. Consider an enumeration {7, | @« € A} of A with type A such that every
ordinal v € A occurs exactly A times. We can do this because A - A = A\. We view
these ordinals as the indices of the sets E,. We construct a sequence of type \ with
transfinite recursion. Let the first element 3y in the sequence be an element from the
first set E,, according to the enumeration such that it is at least 5. We can do this,
because the sets are unbounded. Let’s choose the second element from the second
set [, such that it is bigger then the ordinal ;. We can continue this procedure, in
each iteration selecting a bigger element than the previous one from the appropriate
set, because k is regular and A < k = cf(k), so the chosen ordinals can not form
an unbounded subset at any point in the transfinite recursion. During the process
from every set F, we select an element A\ many times so the limit of this sequence
{Ba | @ € A} will be in each E, since they are closed. Thus, the limit is in N, F,
and it is of course bigger then 5. We have shown that N, £, is unbounded. O
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Proposition 3.2.6. Let S C k be a stationary set and let C be a club set. Then,
the set S N C' is stationary.

Proof. Suppose for a contradiction that the set S’ := SN E is not stationary. Then
there exists an F' club set, for which SN F =0, hence SN(ENF) =0, but ENF
is a club set because of Proposition 3.2.5, so this contradicts the fact that S” is

stationary. O

Proposition 3.2.7. Let S C k be a stationary set. If we cut S into the disjoint
union of A < k many sets {S; | i € A}, then at least one of them will be stationary.

Proof. Suppose for a contradiction that none of the sets {S; | ¢ € A} are stationary.

Then there exists {E; | i € A} club sets, such that F; N.S; =0 for all i € A\. The set

E := ) E; is a club set because of Proposition 3.2.5 and £ NS = (), contradicting
19

the fact that S is stationary. O

Remark 3.2.8. One might think of the club sets as having full measure and sta-

tionary sets like sets of positive measure in some sense.

Remark 3.2.9. Solovay’s Theorem says that if k is reqular uncountable, then any

stationary set in Kk can be partitioned into k-many pairwise disjoint stationary sets.
Definition 3.2.10. Let (A, C k| o < k) be a sequence of subsets of k. Then their
diagonal intersection is defined as

AA,={0|la<d = 0 A}

a<k

Proposition 3.2.11. Let (A, C k | @ < k) be club sets. Then their diagonal

intersection 1s a club set.

Proof. We first show that the diagonal intersection is closed. Fix an increasing
sequence in the diagonal intersection: {0,},<, where p is a regular cardinal less
than . Let 0 be the limit of the sequence. Let’s fix a v < §. There exists f <
such that v < 3. We know that 5 € a%,{AO" hence dg € A,. Again, 61 € a%ﬁAa,
so 0g41 € A,. The set A, is closed, so the limit of the sequence dg, dg41 ... which is
0 is in A, concluding that 6 € a%HAa.

We now show that the diagonal intersection is unbounded. Fix g < k, we need
to find ¢’ such that § < 0" € a%ﬁAa. Let 69 > [ be an arbitrary ordinal. By

Proposition 3.2.5 the set () As is unbounded, so there exists d; > dg, such that
§<do
01 € (N As. Again, by Proposition 3.2.5 we know that (1 Ajs is unbounded, so for
§<do 0<d1
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01 there exists do > 07 such that 95 € (| As. This means that o, € ) As also,
6<01 6<do

because this is a smaller intersection. We can continue this process by induction.

Now, we have concluded that there is a sequence such that:

517527637”' € m A5-

§<50
50,63, € (] Ag.
0<o1
03, € m As.
6<d2

Let ¢ be the limit (supremum) of this sequence. Because these intersections are

closed, we conclude that 0’ € (| As for all n € w. It is clear that ' > 5. Now
§<bn

we show, that ¢’ € % A,. By definition we need that for all v < ¢ = ¢’ € A,.

Fix a v < ¢’ and an n such that v < 6,,. We know that &' € N As thus ¢’ € A,
6<dn

concluding that the diagonal intersection is unbounded. ]

3.3 Classical proofs of two Erdos-Rado theorems

We now have the tools necessary to introduce the key lemma of this section, the so

called Fodor’s pressing down lemma.

Definition 3.3.1. Let S C k be a set. We call a function f : S — Kk regressive if
fla) < a forall o € S\ {0}.

Lemma 3.3.2. (Fodor’s pressing down lemma) Let S C k be a stationary set and
f S — K be a regressive function. Then, there exists S" C S stationary, such that

f ls is constant.

Proof. Suppose for a contradiction that Vy € x the set A, := f~!(y) is not sta-
tionary. Then for all v € x there exists a club set E, such that A, N E, = 0.
Let

E = (OQKE&)\{O}U
which is also a club set by Proposition 3.2.11, hence the intersection S N E # is not
empty. Choose § € SN E and let 3 := f(d), so 6 € Ag. This shows, that 6 ¢ Ej.
On the other hand, 6 € E and 8 < § because f is regressive, so by the definition of

the diagonal intersection, € Ej3, a contradiction. O



Classical proofs of two Erdos-Rado theorems 13

The following Lemma and Proposition will also be useful in the next proof
(Theorem 3.3.6).

Lemma 3.3.3. Let k > w be a reqular cardinal and let g : k — Kk be a function.

Then, the set E :={v | (o <y = g(a) <) A(y <K)} is a club set in k.

Proof. We first show that E is closed. Consider a regular ordinal A < x and a

strictly increasing sequence of type A:
{zoa|a <A} CE.

Let = := supx,. We have to show that § < z = ¢(§) < 7. Fix an ordinal § < x.
Now there exists an a such that § < z,, hence g(§) < z, < . This concludes that
xekFE.

To show that E is unbounded, fix 6 < k: we will show that E has an
element above d. Let’s construct a sequence of type w in the following way:
ap = max(d,sup{g(f) | 8 < ¢} and ;1 = max(a;,sup{g(8) | 8 < a;} for all
1 €w. Now o < ap < ay < --- — a. We will show that o € E, concluding that F
is unbounded. To do this, let’s fix an ordinal § < a. There exists n € w such that

B < o, hence g(f) < ans1 < a by the definition of ay, . O
Proposition 3.3.4. The set Sf; ={a < c" | cf(a) =wi} is stationary in c*.

Proof. Let’s consider a club set C' C k. Of course ¢ > wy, so ¢ > w;. This means
that there exists a sequence of type w; as a subset of C'. The limit point s of this
sequence is in C', because it is closed, but also s € S, because it has cofinality w;.
This means that S N C # () for all club sets C so S is indeed stationary. m

Definition 3.3.5. We call a family of sets H a A-system, if 35 such that VF #
F' € H we have that F N F' = S. The set S is called the root of the A-system.

Theorem 3.3.6. (Erdos-Rado) Let |H| = ¢t such that |F| < w for every F € H.
There exists H' C H such that |H| = ¢t and H' is a A-system.

Proof. We know that |J#H| = c¢t, because ¢" - w = ¢. Let’s consider the set
S = S[j’: = {a < ¢t | cf(a) = wy} as in Proposition 3.3.4. We know that S is
stationary in ¢™ and by Proposition 3.1.8 the cardinal ¢* is regular, so by Proposition
3.2.4 we get that |S| = ¢*. Using this, we can view H as H = {F, | « € S}. Let
us consider the following sets: let B, := [0,«a) N F, and let C, := [a,¢T) N F,; of
course, F, = B, UC,.
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Consider the function f(a) := sup B, which we claim that it is regressive. It
was given that F, is countable, so |B,| < w as well meaning that the supremum
can not reach «, since a has cofinality w;. This means that f(a) = sup B, < a.
Fodor’s lemma (3.3.2) guarantees that there exists an ordinal 7 and a stationary
subset S” C S such that Vao € S” : f(a) = . Note that S was constructed in
a way that all of its elements « are less than ¢*. The function f is regressive so
f(a) < ¢t as well. The ordinal « is equal to f(«) for an o € S, so we can conclude
that |y| < c. Let’s examine that how many ways can the sets B, look like for a € S’.
We know that for o € S’ the sets B, C 7 and the sets B, are countable, so let’s

count the number of countable subsets of v! We claim that
{A]AC Al <R} <

We have ¢ options for choosing every element of A C ~, so in total there are at
most M = ¢ different sets.

Thus, if a € S’ the set B, can look at most ¢ many ways. Using this we can
divide S’ into at most ¢ many parts based on how does the respective sets B, look
like below . Using Proposition 3.2.7, we get that there exists a stationary S” C S’
such that Vo, 5 € S” : B, = Bs. This will be the root of the A-system. Again,
from Proposition 3.2.4 we know, that |S”| = ¢*. We are not done yet, there could
be problems with the intersections of C, and Cj even if o, € S”. We will thin out
S" into S” C S” in a way that C,, and Cy will be disjoint if o # 5 € S™.

Let us consider the function g(a) = supC, if o € S, and let g(a) = 0
otherwise. Now, Lemma 3.3.3 guarantees, that £ := {7y | a < v = g(a) <~} is a
club set. From Proposition 3.2.6 we know that the set S” := S” N E is stationary.
This means that | S| = ¢t as well (Proposition 3.2.4 again).

We still need to see, that the sets C, and Cjy are disjoint if a # g € S".
Suppose that a < (. Because g € FE it follows from the definition of E that
sup C, = g(a) < < inf U, hence they are really disjoint. The sets {F,, | o € 5"}
form a A-set with root F,, N[0, a] which is the same for all a € S”". O

For the next theorem, let us introduce the so-called arrow notation £ — [A]¢.
In general, the left-hand side of the arrow denotes the base set of the coloring. On
the right-hand side, the upper index is the dimension (are we coloring singletons,
pairs, triples?), the lower index the number of colors and inside the bracket you see
the size or order-type of the monochromatic sets we can always select. If the arrow

is crossed over k - [A]¢ that means there is a coloring witnessing that there are
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no monochromatic sets of that particular size. When coloring pairs from a set we
usually view it as coloring the edges of the complete graph with the elements of the
set as the vertices. For example the finite Ramsey theorem says that for every k € w
there exists R(k, k) € w such that R(k,k) — [k]3. We know that R(3,3) = 6 hence
using this notation 6 — [3]3.

Remark 3.3.7. We will give another proof of Theorem 3.3.6 in Theorem 6.53.3 using

elementary submodels.

Theorem 3.3.8. (Erdos-Rado)
ct = w2

This means that if we color the edges of the complete graph of size ¢t with w

colors, we can select a monochromatic set of size w .

Proof. Let’s fix a coloring F : [¢T]? — w. Let’s view the ¢t many vertices as the
elements of S := {a < ¢ | cf(a) = wy}. We can do this because Proposition 3.3.4
tells us that S is stationary so |[S| = ¢t by Proposition 3.2.4. Now, with the use
of transfinite recursion, we will define monochromatic sets for all o € S and for all
colors i € w. For this, fix « € S and i € w.

Choose a vertex z§" such that the edge between z3" and « is of color i and
23" < «. If this can be done, choose z{"" such that =5 < 2% < « and all the
edges between these vertices are of color i. After this, choose 3" such that 2" <
9" < 25" < o and these four vertices form a monochromatic set of color i. Let’s
continue this with transfinite recursion. We require that F ({x%l,xg”}) = ¢ and
F({zy',a}) = i and 23" < xé” < « for every Vn < £ If we can continue this
process for w; many steps then we have found a monochromatic set of size w; so we
are done. Suppose for a contradiction that this process terminates for all « € S and
for all i € w before w; many steps. This means that there exists {(«,7) such that
x?(f“) is not definable and &(a, i) < wy.

Now for all o € S let us define the following set:

By = ({237 | 1 < (o)) | i € w).

Consider the function f(a) = sup{z2” [ n < {(a,1),7 € w}. We claim that it is
regressive. Since {(a, ) is a countable ordinal we have that [£(«, 7)| < Ny concluding
that ‘{xﬁ’ | n < &(ayi),i € w}‘ < N2 = Ry. We also know that cf(a) = w; so this

means that sup{zp* | n < §{(a,i),i € w} < a concluding that f is regressive. Now,
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Theorem 3.3.2 guarantees, that there exists an ordinal v and a stationary subset
S’ C S such that f(a) = v holds for every a € S’. Again, by Proposition 3.2.4 we
get that |[S'| = ¢*.

Let’s examine that how many different B, could exist if &« € S’ (that is sup B, =
7). First, fix a color i. The possible values for the ordinal {(«, ) are the ordinals
0 € wy. For each § € w; we will find that how many different strictly increasing
sequences of type § exist given that the supremum is at most . If we add these up
for all 0 € wy; we will surely get an upper bound for the number of different strictly
increasing sequences (a,),<¢(a,i)- First, let’s convince ourselves that [y| < c¢. Note
that S was constructed in a way that all of its elements « are less than ¢t. The
function f is regressive so f(a) < ¢ as well. The ordinal v is equal to f(«) for an
a € S, so we can conclude that |y| < c. Instead of counting the number of strictly
increasing sequences of type 0 with supremum at most ~, we will count the number
of sequences of type ¢ with all elements being at most . Since there are at most ¢
elements below ~y, we have « choices for all elements of the sequence so we have d’|
many different sequences. We know that the ordinal ¢ is countable because it is less
than wy so &' = ¢. This also means that there are at most ¢ many strictly increasing
sequences of type ¢ with supremum at most . If we add this up for all § € wy, we
get that there are at most w; - ¢ < ¢? = ¢ many strictly increasing sequences of type
&(a, 7). There are Xy many colors altogether so for every a € S’ the set B, can look
at most M = ¢ many ways. This divides the set S’ into at most ¢ pieces; in every
piece the respective B, sets are the same.

Using Proposition 3.2.7 if we cut S’ into these at most ¢ many pieces, there will
be an S” C S’ which is stationary. Again, by Proposition 3.2.4 we get that|S”| = ¢*.
Choose two elements a < € S” and let i := F(a, ). Now, since B, = B we get
that £(,7) = (o, 1) and xg” = x%’ for every n < £(a, i) hence « is connected with
n < &(B,4)} and to B as well. Thus, we can extend the

monochromatic set defined by  and ¢ with «. This is a contradiction. O]

color i to the vertices {x}"

Remark 3.3.9. Theorem 3.3.8 is a special case of the following theorem with k = w:

@) = [T

K



Chapter 4

The sets Hy

Later it will be useful for us to generate sufficiently large subsets of the universe,
which we do here by constructing the sets Hy for every infinite cardinal 6. Let’s

start with defining J" = for every n € w.
Definition 4.0.1. Let |’z := z and forn>1 'z :=UU" 'z.

Definition 4.0.2. The transitive closure of a set  is tc(x) = U U" z.

new
Proposition 4.0.3. For a set x the transitive closure tc(x) is transitive and for all

transitive sets t for which x C t the set tc(x) is the smallest transitive set: tc(x) C t.

Proof. Let z € y € te(x). Then for some n € w, y € U" te(z), meaning z € JU" = =
U™ & C te(z), hence 2 € te(x), concluding that te(z) is a transitive set.

Now, let t be a transitive set, containing x. We will prove by induction on n
that U"z C t. The base case holds, since x = (/2 C t. Now assume J"z C t.
Then, U™z = UU"z C Ut. But, since t is transitive Ut C ¢, hence "™ = C t.

This completes the proof. n
Proposition 4.0.4. The transitive closure for a set a is te(a) = aU U te(b)

bea
Proof. First we see that tc(a) 2 aU U tc(b), because if b € a then of course b C Ja

bea
so U"b C U a as well, meaning that tc(b) C tc(a).

For the other containment we will use Proposition 4.0.3. For this we need the
set a to be a subset of the right hand side and we need the right hand side to
be transitive. Of course a is a subset of the right hand side, and for proving the
transitivity, let us choose an element b from the right hand side. If b is an element
of a then the corresponding tc(b) set contains every element of b. If b is an element

of U tc(b) then of course there exists b’ € a such that b € tc(b’) and because the set
bea
te(b') is transitive (Proposition 4.0.3) all elements of b are in tc(b') as well. O

17
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Definition 4.0.5. The hereditary cardinality of a set x is|tc(x)|.
Definition 4.0.6. For a cardinal 6 we define Hy := {x ||tc(x)| < 6}.

In other words, Hy is the collection of sets of hereditary cardinality < 6. It is
not at all trivial that Hy is a set, we will prove it in Proposition 4.0.14. We defined
the sets Hy for finite cardinals too, but from now on we will only use the sets Hy
for infinite cardinals #. So, for example, for Hy,: every a € Hy, is finite, moreover
every element b € a is finite, and so on.

More generally, we know that for Hy, every a € Hy has less than 6 elements,
moreover every element b € a has less than 6 elements, because otherwise | a would
have at least 6 elements thus contradicting the fact that tc(a) O Ja has less then 6

elements. For regular cardinals the following proposition holds:

Proposition 4.0.7. Let 0 > X, be a regular cardinal. Then, Hy = {z | Vn € w :
U z| < 6}.

Proof. Clearly, Hy C {z | |U"z| < 0} for all n € w. For the other containment,
choose z such that |U" x| < 0 for all n € w. By Proposition 3.1.9, the sum of

U Uz

new

SnewlU" x| < 0, so z is indeed in Hy. =

fewer than # many, smaller than 6 cardinals is less then 0, so |tc(z)| = <

Remark 4.0.8. The proposition above is not true for singular cardinals (really, the
problem is only with singular cardinals of cofinality w, for example W, ). Let x be
a set such that |J" x| = N,,. For example, let v = w U {wi} U {{ws}} U.... Then
lte(z)| =Nog+ Ny + -+ =N, sox ¢ Hy, but|U"z| <R, foralln € w.

Proposition 4.0.9. For every cardinal 0 the set Hy is transitive.

Proof. Choose a € Hy. This means that |tc(a)| < 6. Since Proposition 4.0.4 tells
us that te(a) = a U U te(b) we get that |[te(b)| < |tc(a)| < 0 for every b € a, hence
bea

b€ Hy. ]

To prove that Hy is a set for every 8 € CARD, first we will define the sets V,
for every a € ON.

Definition 4.0.10. Let Vi := 0. For every a € ON let’s define Vo 4y == P(V,). For
limit ordinals o let Vo, :=Ug<o V3.

It is clear that V, is a set for every a € ON.
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Definition 4.0.11. For every set x let us define the rank of a set x as rk(x) =

min{a | z € V,41}.
Proposition 4.0.12. For every set x, the ordinal rk(z) = sup{rk(y) + 1|y € z}.

Proof. Let 0 := sup{rk(y) + 1 | y € z}. First we will prove that rk(z) < ¢. By
definition rk(y) < ¢ for all y € x. This means that y € Vj for all y € z, meaning
x C Vs. Thus, & € Vsyq, hence rk(z) < 0. Clearly, 2 € Vig@)y+1 = P(Virw)), thus
& C Vik(z), hence for every y € x, y € Viy). This means that rk(y) < rk(zx) for
every y € x so sup{rk(y) + 1| y € 2} < rk(z) which is what we needed for the

other direction. O

Proposition 4.0.13. Let y be a transitive set. Then the set H := {rk(z) | z € y}

1s an ordinal.

Proof. Let a := sup{rk(z) | z € y}. We need to prove that g € H for all g € a.
Suppose for a contradiction that 35 € a\ H. We will construct an infinite strictly
decreasing sequence of ordinals, which is not possible. Since 5 < a = sup{rk(z) |
z € y}, there exists zg € y and &y > [ such that rk(zy) = .

Using Proposition 4.0.12, 7k(z9) = sup{rk(a) + 1 | a € 2z}, if rk(29) > [ is a
limit ordinal, we can choose z; € z such that rk(z,) > 5. If rk(z) is a successor
ordinal, then either 4+ 1 = rk(zp) or B+ 1 < rk(zp). If it was the first case
scenario, then by Proposition 4.0.12 there exists a € 2y such that rk(a) = /5. Since
y is transitive, a € y as well, but this is a contradiction, since a witnesses that
f € H. This means, that 5+ 1 < rk(z), so again by Proposition 4.0.12 we can
choose 21 € zg such that rk(z;) =6, > f and §y > 6;.

We can repeat this procedure by choosing zy € z; with rk(ze) = d > [ and
dy < 01. With this, the sequence (6;);e,, is an infinite decreasing sequence of ordinals

which is a contradiction. O
Proposition 4.0.14. For every cardinal 0 the class Hy C Vy, hence Hy is a set.

Proof. Choose a set © € Hy. By definition, we know that |te(x)| < 6. Using
Proposition 4.0.13, the set {rk(z) | z € te(x)} is an ordinal, since tc(z) is transitive.
This set has at most |tc(z)| elements, so tp({rk(z) | z € tc(x)} = sup{rk(z) | z €
te(z)} < 6. Since 6 is a limit ordinal, sup{rk(z) + 1| z € te(x)} < 6 holds as well,
but from this sup{rk(z)+1| z € z} < 0 follows, since = C tc(z). Proposition 4.0.12
tells us, that rk(x) < 0, meaning x € Vj. This is what we wanted to show. O

Remark 4.0.15. A crucial property of the sets Hy is Theorem 5.2.5.



Chapter 5

Formal introduction to elementary

submodels

5.1 Logic

Our goal is to introduce the technique of using elementary submodels. This chapter
provides the necessary knowledge from logic for this. This chapter is mainly based
on [4]. First we define the first order languages which are collections of first order
formulas. The alphabet of the first order languages consists of two disjoint subsets:
the logic symbols and the non-logic symbols. The logic symbols are common to all

languages, these are the following:

0, brackets, comma

- negation

V or

3 existential symbol

Zo,x1,... infinitely many different symbols, these are the variable symbols

= equation symbol
The non-logic symbols can also be divided into two disjoint parts, namely into

function symbols and relation symbols.

Definition 5.1.1. We call a triple t = (F, R, T) a similarity type if F and R are
disjoint from each other and from the logic symbols and T is a function which assigns
a non-negative integer to all elements of F'U R and for every r € R the number
7(r) > 0.

If t = (F,R,7) is a similarity type then the elements of F' are the function

symbols and the elements of R are the relation symbols and 7 tells us that a function

20
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symbol and a relation symbol is of how many variable. If for a function symbol f
the arity 7(f) = 0 we call f a constant symbol. By the cardinality of ¢ we mean
the cardinal |F| 4+|R| and we denote it by |t|. The set F'U R along with the logic
symbols gives the alphabet for the first order language of type t, we denote this by
Y. We denote the set of all finite sequences with elements from ¥; with ¥j.

To define the first order formulas first we need to define the terms.

Definition 5.1.2. Let t = (F,R,7) be a similarity type. The set of terms (or
expressions) E(t) of type t is the smallest subset of X5 for which the following holds:

(i) for all variable symbols we have that x € E(t)
(i) for all function symbols f € F if T(f) =0 then f € E(t)

(iii) for all function symbols f € F if 7(f) = n > 0 and ko, k1,... ko1 € E()
terms then f(ko, ki, ... kn_1) € E(t).

The definition is correct, because the conditions (i) — (¢i¢) hold for X} and if
two subsets of it satisfy the conditions then their intersection does too. After this,

we can define the formulas.

Definition 5.1.3. Let t = (F,R,7) be a similarity type. The set of first order
formulas F(t) of type t is the smallest subset of ¥} for which the following holds:

(i) for all relation symbols r if its arity is T(r) = n and ko, k1,...k,—1 € E(t) are
terms then r(ko, k1, ... k,) € F(t)

(ii) for all terms ko, k1 € E(t) the sequence of symbols ky = ki € F(t).

(7ii) for all formulas p, € F(t) the sequence of symbols (v) V (¢) € F(t),~(p) €
F(t) and for all variable symbols x the sequence of symbols Iz (¢) € F(t).

We can argue that the definition is correct similar to the argument given for
the terms. We call a formula atomic if it is of the form r(kg, k1, ... k,—1) or ko = k1.

Let the set of the atomic formulae be Fp and let

Fi = FU{(p) vV (¥), =(v), Fz(p): 9,0 € Fi}.

We claim that F':= U{F; | i € w} = F(t). First, the set F' satisfies (i)-(iii) from the
definition. On the other hand, with induction on ¢ we can easily see that if (i)-(iii)
hold for some subset A C ¥} then F; C A so FF C A as well. This means that F' is
indeed the smallest subset of ¥} for which (i)-(iii) holds.



Logic 22

Sometimes we want to prove a statement for all formulae. We can do this with

the following proposition.

Theorem 5.1.4. (Formula induction) Suppose that a statement V is true for the
atomic formulae and if ¥ is true for ¢ and for ¢ then it is true for (o) V (¢), for
=(¢) and for 3x (). Then ¥ is true for every formula.

Proof. Let the set of the atomic formulae be Fj, and for i € w we define the sets

F;. 1 as above:

Fi = FEU{(p) vV (¥), ~(v), Fz(p): »,¢ € Fi}.

With induction on ¢ we can conclude that W is true for every formula in F; thus it

is true for every formula in U{F; | i € w} which is exactly the set F(t). O

This means that we can prove a statement for all formulae by first proving it
for atomic formulae, then for (¢) V (¢) for =(p) and finally for 3z ().

We introduce more logic symbols which can be used to build formulas. For all
terms kg, k1, all formulas ¢, and all variable symbols x we consider the following

sequence of symbols as formulas:
(i) Ko # ko
(ii) (o) = (¥)
(iii) () A ()
(iv) () < (¥)

(v) Vz(p)

These are really just shorthands for the existing logic symbols, for example () <>
(1) is a shorthand for ((¢) — () A ((¢) — (¢)) and (¢) — (¥) is a shorthand for
(~(p)) V ().

We call a non-empty set with functions and relations on it a structure. For
example all the groups are structures. The elements of the group form the base
set and there are three functions: one with arity zero which represents the identity
element, one with arity one which gives the inverse and one with arity two which
gives the product for two elements.

A similarity type ¢t automatically gives us function and relation symbols so we
can call a structure of type t if for all function and relation symbols of ¢ there exists

a function and a relation of the same arity in the structure.
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Definition 5.1.5. Let t = (F, R, 7) be a similarity type. A pair A = (A, I) is a
structure of type t if A is a non-empty set and I is a function defined on (F U R)
such that for a function symbol f € F the interpretation I(f) is a function of T(f)
variables on A and for a relation symbol r € R the interpretation I(r) is a relation

of T(r) variables on A.

We call the set A the base set (or underlying set) of the structure 20 and the
function I is the interpretations of the function and relation symbols. Usually if
we denote a structure by a gothic letter, its underlying set is denoted by the corre-
sponding latin capital letter. We denote the interpretations of the function symbol
f and the relation symbol r in the structure 2l by fy and ry.

The above defined formulae of type t are statements about structures of type t.
If a formula holds we say that it is true and if does not hold we say that it is false.
We can decide whether a formula is true or false with recursion: r(ko, k1, ... k,_1) is
true if and only if the terms ko, k1, ... k,_1 are in relation ry; kg = k; is true if and
only if the value of the two terms are the same; - is true if and only if ¢ is false;
© V1 is true if and only if at least one of ¢ and 1 is true; finally 3x (¢) is true if
and only if there is an element of the structure a € A that if we replace x by a the
resulting formula is true. But we can not even calculate the values of expressions
until we say which variable symbols correspond to which elements of the structure.

Let us write this down formally.

Definition 5.1.6. Let A be a structure of any type. Then the evaluation of the
variable symbols is a function e which assigns an element of the base set of the

structure A for every variable symbol x.

Definition 5.1.7. Consider an evaluation e over 2 and let a € A. The evaluation
e (z/a) denotes the evaluation €' over 2 for which ¢’ (x) = a and for all other variable

symbols y # x the evaluation €' (y) = e (y).
First we define what we mean by the value of a term.

Definition 5.1.8. Let k € E(t) be a term, let A be a structure of type t, and let e
be an evaluation of the variable symbols under 2A. We denote the value of the term
k with the evaluation e with ky (¢) and we define it by the hierarchy how the term

was made by other terms:

(i) if the term k is the variable symbol x then its value will be given by the evalu-

ation e, that is ky (¢) = e(x);
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(i) if the term k is a function symbol f € F such that 7(f) = 0 then the interpre-
tation fy of the function symbol f is an element of A, that is ky () = fa;

(7ii) otherwise, the term k is of the form f(ko,ki,...) where the function symbol
f € Fisofn=r(f)> 0 variables. We already know the values of the terms,
let (ki)u (e) = a; € A forien. Then we define ky (e) = fa(ao,ar,...,an-1).

Now we can define what we mean by a formula being true for an evaluation e.
Consider a formula ¢ € F(t), a structure 2 = (A, I) of type ¢t and an evaluation e.
By 2l = ¢ (e) we mean that ¢ is true in the structure 2 with the evaluation e. If
this is not the case we write 2 [~ ¢ (e) meaning that ¢ is false with the evaluation
e.

For a formula ¢ we define 2 = ¢ (e) with formula induction (Proposition 5.1.4).

Definition 5.1.9. (i) For all relation symbols r which have arity n and for
all terms ko, ki,... ko1 € E(t) we write A = r(ko,k1,...kn1)(e) if and
only if the wvalues of the terms ko, ki,...k,_1 are in relation r, that is
((Ko)a (€), (kr)a (€), - .- (kn-1)a (€)) € Tau;

(i7) for all terms ko, ky € E(t) we write A = ko = k1 (e) if and only if the values
of ko and ki are the same: (ko)y (€) = (k1)a (€);

(1i7) we write A = —p (e) if and only if A = ¢ (e);
(iv) we write A = (V1Y) (e) if and only if A= ¢ (e) or A = (e);

(v) we write A = Jz p (e) if and only if there exists an element a € A that if we
replace x by a the resulting formula is true, that is A = ¢ (e(z/a)) for some
ac A

If for all evaluations e we get that 2 |= ¢ (e) we say that ¢ is true in 2 or that
20 models p and we denote this by 2 = ¢. For example, every group G models that
1-2 =z -1 but not all groups models the formula z -y =1y - x.

Let ag,aq,...a,—1 € A. We use the shorthand 2 = ¢ (ag,aq,...,a,-1) if A =

¢ (e) for all evaluations e where e(zg) = ag, ...e(x,_1) = ay_1.

5.2 Elementary Submodels

The idea behind elementary submodels is fairly simple: given a large structure 2,
we would like to consider substructures 8 which are smaller than 2l but reflects

basic properties of the original structure.
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Let’s consider an example. Suppose 2 is some Euclidean space where its base
set is A = R" along with all the lines, planes, hyperplanes, etc. Now, we look for a
smaller structure B of the same type where we want that (i) B C A meaning that
in B there are fewer points, lines, planes, etc. and (ii) the elements of B satisfy the
same relations as A.

That is, if two lines of B meet in 2 then we require that their unique intersection
must be in B as well. Similarly, for any three points in 98, there is a (hyper)plane in
B that contains them (since there was one in ). If this hyperplane is not unique,
then there could be ones which are in 2 but not in 8. How to achieve such a 87 If
there is only a small number of new objects definable from a given set of elements
already in B then we can throw in all those without dramatically increasing the
size of our structure. Repeat this process and if we keep track of all objects and
operations appropriately, we will end up with the desired substructure.

The general framework of elementary submodels will provide a tool which saves
us from repeating the very same closure argument over and over and gives us the
nicest substructures we can imagine, all in a single step. Let us write this down

formally.

Definition 5.2.1. Let 2 and B be both structures of type t. We say that B is a
substructure of A if the following holds:

(i) BC A
(ii) for all n-variable function symbols fu = fo [ B™

(7ii) for all n-variable relation symbols rs = ro | B™.

According to this definition, a substructure always contains the interpretations
of constant symbols of the larger structure and it is closed for functions. If B is a

substructure of 2 we write B C 2.

Definition 5.2.2. Let 2 and B be both structures of type t. We say that B is an
elementary substructure of A if it is a substructure and for any valuation e over B
and for all formulae ¢ € F(t) the following holds: B |= ¢ (e) < A = ¢ (e). If B is

an elementary substructure of A we write B < 2.

The well-known downward Lowenheim-Skolem theorem guarantees the exis-

tence of many small elementary submodels of a given structure.
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Theorem 5.2.3. (Lowenheim-Skolem) Let k > |t| - w and let A be a structure of
type t and X C A with|X| = k. Then there exists B < A such that X C B with
|B| = k.

Before we prove this we give a well manageable condition to determine when a

submodel is an elementary submodel:

Lemma 5.2.4. (Tarski-Vaught criteria) Let 2 and B be structures of type t and
let B C A. The structure B is an elementary submodel of 2 if and only if for all
formulae p € F(t) and for all evaluation e over B if A = (3x @) (e) holds then there
exists b € B for which A = ¢ (e(x/b)).

Formulating the statement differently: for all elements by, by,...b,_1 € B and
all formulae ¢(yo, Y1, ... Yn-1,2) € F(t) if there exists an element a € A for which
2A = ¢(bg, by, ...b,_1,a) then there exists b € B for which 2 = (b, by, ... bn_1,b)

Proof. First, suppose that B < 2 and 2 = (Jz ) (e). By the definition of an
elementary substructure 8 = (3x ¢) (e). Thus, there exists an element b € B such
that B = ¢ (e(x/b)). The evaluation e(z/b) is also over B so by using the definition
of an elementary substructure again we get 2 = ¢ (e(x/b)) which is what we wanted.
For the other direction we will show that for every formula ¢ € F(t) and for
every evaluation e over B the statements 2 |= ¢ (e) and B = ¢ (e) are equivalent.
We will do this by formula induction (Proposition 5.1.4). For atomic formulas
this automatically holds because of the condition 8 C 2[. If we suppose that
A= p(e) & B = ¢(e) then it is true that A = —p (e) & B = - (e), because

AEple) eAFE ) DBlEpE) B Ep(e)

We can see similarly that if A = ¢ (e) < B = ¢(e) and A | ¥ (e) & B = ¥ (e)
then 2 = (o vV ¢) (¢) & B |= (¢ V1) (¢)

Now we only have to show how to pass from ¢ to Jz . If A |= (3z ¢) (e) then
because of the conditions given we know that A = ¢ (e(x/b)) for some b € B. By
induction we know that B |= ¢(e(z/b)) hence B |= (Jz ¢)(e).

For the other implication, if 8 = (Jz ¢) (e) then exists b € B such that B =
¢ (e(z/b)). Using the condition of the induction again there exists an element b € B
such that 2 = ¢ (e(x/b)) concluding that 2 = (3x ¢) (e). O

Now we can prove Theorem 5.2.3.
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Proof. Suppose that for a formula ¥(yo,v1,...yn—1,2) € F(t) its free variables
are those n + 1 many indicated above. We will call a function f : A" — A
the Skolem-function corresponding to the formula 3z (¢)) in the structure A if
A = Jz¢(ag,ay,...,an_1,2) then A = ¥(ag,as,...,a,_1, f(ap,a1,...,a,)) for all
g, A1y ... Qp_1 € A.

A construction for the Skolem-function for v is to choose a well-ordering < of
the set A and let

min{a € A : 2 EY(ag,as,...a,_1,a)}, if it is non-empty,
f(ao,al,...an_l) = <
m<in A otherwise.

Now, for every formula ¢ of the form 3z (v) let us fix a Skolem-function f,. Let
us define a sequence of increasing substructures (B, | ¢ € w) of 2 in the following
way. Let Xy = X and B the structure generated by X,. If we have already defined
%Z‘, let

XfL'Jrl =B, U {f¢(b0, bl, R bnfl) ’ bo, ...b,_1 € B; and

f, is one of the fixed Skolem-functions}

and let B, be the substructure generated by X;i;. Finally, let %6 = U B; which
is the structure with base set U B; It is easy to see that |B;| = x hencleer%\ = K.

We still need to show tha;sew% < . It is clear by the construction that B C 2.
Let us check the Tarski-Vaught criteria (5.2.4). Let ¥(yo, 1, . .. Yn—1,2) € F(t) and
let bg,b1,...b,1 € B and a € A such that 2 = ¥(bg,b1,...b,_1,a). We need to
find b € B such that 2 = ¢ (bg, by, ...b,—1,0).

Of course, A = Jz1(bo,by,...b_1,2). There must exist i € w such that
by, b1,...b,—1 € B; because ‘B = |J B;. Thus by the definition of X,

1EW

b= fa.4(bo,b1,...bp1) € Xip1 € B

hence 2 = ¢ (bg, by, ...b,_1,b) as we wanted. ]

Note that Theorem 5.2.3 can only give us submodels from a set and the (set-
theoretic) universe is a proper class, but sometimes we want to somehow model
the whole universe. As a workaround, we will use sufficiently large subsets of the
universe. Every proof uses only finitely many formulae so it is enough for us if we

choose a sufficiently large subset of the universe which reflects the finitely many
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formulae we use in the proof. This will be the Reflection Principle.

Theorem 5.2.5. (Reflection Principle) Given a finite set of formulae ¥ and a
cardinal p, there is a 8 > p so that for any ¢ € X and ag, . ..,a, € Hy:

Hy = ¢(ag, a1, ..., a,) if and only if p(ag, as, . ..ay,) is true in the universe.

The proof is very similar to Theorem 5.2.3 and it can be found in [5, Theorem
II. 5. 3].
The following observation is quite useful. Suppose ¢(zq, ..., 2, 1) € ¥ and 0

are as in the Reflection Principle and we have M < Hy. Then for all ay, ..., a, € M:
M E ¢(ag,aq, ..., a,) if and only if ¢(ag, ay, .. .a,) is true in the universe. (%)

Thus, with respect to a given set of finitely many formulae, M looks like an
elementary submodel of the universe. If a formula ¢ satisfies () it is said to be
absolute over M.

From now on we will take elementary submodels from the sets Hy. We can
view every Hy as a structure of type ¢ where ¢t has no function symbols and has one
relation symbol of arity two. The interpretation of this relation symbol in Hy is the
relation €.

We now introduce some interesting properties of every elementary submodel of
the sets Hy.

Lemma 5.2.6. Let x,y,aq,...a,_1 € M < Hy with 8 > Ny and let f € M be a
function with x € dom(f) then the following holds:

1. {(z,y) € M,
2.xNyeM,
3. xUye M,
4. flx) e M,
5 wC M,
6. we M,

7. {(10,0,1, .. .an_l} e M.
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Proof. (1.) Note that the set theoretic definition of (x,y) is {z,{z,y}}. We will
calculate the set te({z,{z,y}} according to Proposition 4.0.4:

te({z, {z,y}}) = {x, {z, y}}Ute(x)Utc({z, y}) = {, {z,y} }Utc(r) U{z, y} Utc(y) =

= {{z,y},z,y} Utc(x) Ute(y)

This means that [te({z, {z,y}})| < 3 +|tc(x)| +|te(y)|. We know that |te(z)| < 0
and |tc(y)| < 6 because they are in Hy and since 6 is an infinite cardinal we can
conclude that [te({z, {x,y}})| < 0 as well, meaning {x,{z,y}} € Hy. Let’s consider
the following formula ¢(b, ¢):

dz (a€z<:>(a:b\/a={b,0})>

Now, Hy = ¢(x,y), by the elementary property of M we can conclude that M =
¢(z,y), which means that {x,{z,y}} € M.

We can use a similar approach for z Ny, x Uy as well.

(2.)Using Proposition 4.0.3 we get that tc(zNy) C te(x) since te(z) is a transitive
set which contains  Ny. This means that |tc(x Ny)| < @, hence x Ny € Hy as well.

We can define x Ny in M using the formula below:
3z (aEz@(aex/\aEy)).

(3.) For the union, let’s use Proposition 4.0.3 again: tc(z Uy) C te(x) U te(y)
because te(x)Utc(y) is transitive and it contains xUy. This means that [tc(x U y)| <
[te(x)| +|te(y)|, so again, |te(x Uy)| < 0 meaning that x Uy € Hy. The formula we
use for defining x Uy in M is the following:

E|z<a€z<:>(a€x\/a6y)).

(4.) Let’s recall that the set theoretic definition of a function is that it is a set
of ordered pairs (z,y) such that if (x,y), (x,y') € f = y = 3 which we decode as
f(z) =y. According to the conditions we have x € M, let us define y := f(x) which
is the second element in the (unique!) ordered pair which contains z as first element.
Ee want to define the y in M (as an element). Based on the above ideas this is fairly
straightforward: if x, f € M we know that f € Hy and since tc(y) C te(f), we
conclude that y € Hy as well. We can now define y in M as well with the following
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formula:
3z ((x,z) € f)

(5.) First we show that ) € M. Of course ) € Hy, so we only need to find a
formula which defines the () in M. For example: 3z Va(a ¢ z). This is true in Hy
so it is also true in M, so we conclude that () € M. With this, we can define any
natural number using induction. First let us convince ourselves that w C Hy. This
is true because for all n € w, the cardinal |tc(n)| is finite and @ is infinite. Now, for

example to show that 1 € M, consider the following formula:
dz ((LEZ(:)a:O).

This is true in Hy so it is true in M, concluding that 1 € M. For proving 2 € M we

can use the following formula:
3z (a€z<:>(a:O\/a:1))

meaning 2 € M. We can repeat this for any n € w concluding that w C M.

(6.) Since every ordinal is a transitive set, tc(w) = w so w € Hy indeed (because
0 is uncountable by the conditions). We need to find a formula which defines w in M
as well. For example, the following works: 'there exists x such that x is the smallest
limit ordinal’.

(7.) It is easy to see that A = {ag,a1,...a,—1} € Hp, and the formula which
defines the set A in M is

Jdz (aEx(:)(a:ao\/a:al\/-~-\/an_1)>.

]

Lemma 5.2.7. Suppose that M < Hy is an elementary submodel for some 6 > Ny
and X € M.

1. If X is countable then X C M;
2. 4f X\ M # 0 then X is uncountable;
3. if M is countable then M Nwy is an initial segment of wy;

4. if M is countable and X C wq is uncountable then X N M is an unbounded
subset of wy N M.
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Proof. Note that (1) and (2) are equivalent so we will only prove (1). If X is

countable then the formula
d(X)=3f w— X)flw] =X

must hold in Hy. Note, that in the above formula we use that w € M, because we
can only choose evaluations e above M. So, ¢(X) must hold in M as well, thus we
can pick f:w — X in M such that flw] = X. Now, for any n € w both n, f € M
so f(n) € M as well. This means that X = flw] ={f(n) |n € w} C M.

(3.) Consider € M Nw;. We know that 5 € w; hence § is countable. By (1)
we get that 8 C M hence for any a € 8 the ordinal a € M concluding that M Nw;
is an initial segment.

(4.) Suppose for a contradiction that there exists a € wy N M such that = < «
for any x € X N M. In turn,

MEVz(ze X =z <a)

so the set Hy must satisfy this as well. Hence, x < « for any x € X which contradicts
the fact that X is uncountable. O

The following observation is quite useful as well and points to the fact that for

elementary submodels M, the ordinal M Nw; plays a critical role.

Proposition 5.2.8. Let 0 > Ny and suppose that M < Hy is countable and o =
MNw,. If X € M is a subset of wy and o € X then X is stationary.

Conversely for any stationary set S C wy and X € Hy there is a countable
M < Hy which contains X and M Nw; € S.

Proof. Take a club set C' C w; such that C' € M. The set C' must be uncountable
because any countable set in w; is bounded, since the supremum of countably many
countable ordinals is countable. So by (4) from Lemma 5.2.7 the set C' N M is
unbounded in o = w; N M hence o € C' because the set C' is closed. Thus, a € X
and a € ' meaning that the intersection X N C' is not empty hence the formula
'X NC # ) for any club set C' C w} is true in M. By the elementary property
of M this is true in Hy as well. Also, every club set C' C w; is in Hy because
[te(C)] <|te(wr)] = |wi| = Ny. Thus, this formula is absolute between the universe
and Hy, meaning that X is stationary as it has non-empty intersection with every

club set.
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For the other direction we claim that there is a continuous increasing sequence
of countable models M,, < Hy all containing X so that wy C U{M, | o € w1}. We

call a sequence of models continuous if for limit ordinals o the model M, = U Mjz.
B<a

Let us use the Theorem 3.3.2 repeatedly. Let M, be the submodel given by Theorem
3.3.2 such that {X,0} C M,,. When defining M, ; we want X, = M,U{X, a+1}
to be a subset of M,;. Note that |X,.1| = Ng so by Theorem 3.3.2 we get that

|Ma41]| = Ro. For limit ordinals o € wy let M, be U Mpz. This is a countable union
B<a

so M, is countable as well. It is easy to check that M, is indeed an elementary
submodel using Theorem 5.2.4. Note that at first sight it seems we would not
necessarily have a € M, which seems to cause a problem since we want w; C
U{M, | @ € w1} to hold. But, M, contains o + 1 and M, ; Nw; is an ordinal by
(3) from Lemma 5.2.7, so a € M, holds as well.

Now, the set {M, Nw; | @ € w;} must be a club set. It is closed because
the sequence M, is continuous and it is unbounded, because M, contains a + 1
for every @ € w;. This means that the set {M, Nw; | @ € w;} has a non-empty

intersection with S, thus there is an o € wy so that w; N M, € S. O

We now give a new proof to Fodor’s pressing down lemma (Theorem 3.3.2) for

Kk = wy using elementary submodels.

Theorem 5.2.9. (Fodor’s pressing down lemma) Let S C wy be stationary and
f S — wy be regressive. Then there exists a stationary S" C S such that f [g is

constant.

Proof. Pick some countable submodel M < Hy, such that f € M and o := MNw; €
S by the converse of Proposition 5.2.8. Note that € := f(a) < a so € € M because
of (3) from Lemma 5.2.7. In turn if we let S’ = f~'(¢) C S then of course o € S’".To
use Proposition 5.2.8 to show that S’ is stationary we need to see that S € M.
Since f € Hy, of course f~!(¢) € Hy, too. We can define S" in M as well by the

formula

dz(ae€ze fla) =¢)
This means that S’ is indeed stationary and by definition f is constant on S’. [

Elementary submodels are often used to cut a large structure X into smaller

pieces. The next Theorem is from [3].

Theorem 5.2.10. Suppose that X € Hy is of size k and ct k = p. Then there is a

sequence (My)a<, such that
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1. X € M, < Hy and|M,| < &,
2. (continuity) for any limit § < p the model Mz = U{M, | o < 3},
3. X CU{M, | o< pu}.

Moreover we can assume that (My)a<p € Mp.

We use the models M, to write X as the increasing union of the sets X N M,.
We often apply some inductive assumption to X N M, or X N M, \ M,. Note
that the sets X N My41 \ M, partition the set X because the sequence (My)a<, is
continuous.

The next Lemma is from [1]:

Lemma 5.2.11. Let 0,k and \ be infinite cardinals such that k* = Kk and \ < 6.
Then for every A C Hy with|A| < k there is M < Hy such that A C M with|M| < k
and for every x C M with|z| < X\ we have that x € M.

We omit the proofs which are again variants of the Lowenheim-Skolem closure

argument.



Chapter 6

Applications of elementary

submodels

6.1 Topology

In this section we will showcase some proofs with the help of elementary submodels.
This proofs are from [1].

First, let us recall a few basic notions from topology. A topological space is
a pair (X, Tx), where 7x is the topology of X meaning that the collection of open
subsets of X. We often use 7 instead of 7y if it is obvious from the context and
we sometimes omit 7 fully if it is clear what the topology is on X. A topological
space X is called Hausdorft if for any two distinct points x,y € X there are disjoint
open sets U,V C X such that x € U and y € V. The topology of a space X can
be described by giving a base for the topology. A subset B C 7 is a base for the
topology 7 of X if for all x € X and U € 7 for which z € U there is a V' € B such
that x € V C U. If we do not require B to be a subset of 7, we get the notion of a

network:

Definition 6.1.1. A subset N C P(X) is a network of X if for all x € X and
U e 1 for which x € U there is a set V € N such that x € V C U.

A cardinal invariant of topological spaces is a mapping ¢ assigning a cardi-
nal i(X) to each space X such that i(X) = i(Y) if X and Y are homeomorphic.
An easy example is the cardinality of a space. Clearly, any two spaces which are
homeomorphic have the same cardinality. We now define two less trivial cardinal

invariants.

Definition 6.1.2. Let X be a topological space. Then w(X) is the least cardinal k

34
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such that X has a base of size k. We call w(X) the weight of X.

Definition 6.1.3. Let X be a topological space. Then nw(X) is the least cardinal k
such that X has a network of size k. We call nw(X) the network-weight of X .

Remark 6.1.4. Since every base of X is also a network of X, w(X) > nw(X).
In this section we prove a theorem of Arhangel’skii:

Theorem 6.1.5. (Arhangel’skii) Let X and Y be compact Hausdorff topological
spaces and let f: X —'Y be continuous and onto. Then w(Y) < w(X).

The following lemma shows us that if we replace weights with network-weights

it gets much easier:

Lemma 6.1.6. Let X and Y be topological spaces and let f : X — Y be continuous
and onto. Then nw(Y) < nw(X).

Proof. Let N be a network for X. We will show that N' = {f[V]:V € N} is a
network for Y. Let U € Y be open and non-empty and choose y € U. Choose
r € X such that f(z) = y. Since f is continuous, f~'[U] is open and clearly
x € f~HU]. Thus, there exists V € N such that z € V C f~}U]. Now, f[V] € N’
and y € f[V] CU. O

Theorem 6.1.5 follows from the next lemma, which shows that for compact
Hausdorff spaces the weight and network-weight are the same. We give a proof of

this fact using elementary submodels.

Lemma 6.1.7. Let X be a compact Hausdorff topological space. Then w(X) =
nw(X).

Proof. Let N be a network of X with x :=|N| =|nw(X)| and let 7 be the topology
of X. Let 6 be large enough for Hy to contain X and 7 as elements and such that
all those finitely many formulae are absolute over Hy that we want to be absolute
in this following proof. We could write down these formulae, but it is not necessary,
since the Reflection Principle (5.2.5) says that suitable 0 exists for any finite set of
formulae.

Now, using Theorem 5.2.3 pick M < Hy such that N U{N, X, 7} C M and
|M| = k. We claim that 7N M is a base for X which would be enough, because then
the base would have cardinality at most &, meaning w(X) < nw(X).

Pick a non-empty U € 7 and let x € U. If we prove that there exists W € TN M
such that x € W C U that would show that 7 N M indeed contains a base. For any



Topology 36

y € X \ U there are disjoint open sets U,, V,, such that x € U,, and y € V. Since N
is a network, there are sets A,, B, € N such that x € A, CU, and y € B, C V.

Let us consider the following formula:
¢ (u,v,t,a,0) = (Fu,v et)N(unNuv#0)A(a Cu)A (b <o)

The sets v = U, and v = V, witness that ¢ (u,v,7, A,, B,) is true in
the universe. This means that we can choose large enough 6 such that Hy
¢ (u,v,7,A,,B,). Since 7,A,,B, € M and M is an elementary submodel we get
that M = ¢(u,v, 1, Ay, B,) as well.

Let U,,V, € M be according to the formula: U;, V] € 7, the intersection U, NV}

is empty, A, C U, and B, C V. Clearly X\U C U V. The space X is compact
yeX\U
and X \ U is a closed subset so X \ U is compact as well. This means that there

exists a finite set ' C X \ U such that X \U C U V. We will prove that N Uj is
yeF yeF

an element of M. This would finish the proof since z € N U, C U, meaning 7 € M
yelr
contains a base.

Suppose|F| = nand let {U, |y € F'} = {U1, Uy, ..., Uyn}. Let ¢(z, 71, 2, . .. Tp)
be the formula saying that the elements of z are precisely those, which are elements
of xy,29,...2, that is 2 € 2z & (v € ;) A (x € ) A--- AN (x € z,). Now,
(W, Uy, Uy, ..., Uy,) is true in Hy if W = Nj<;<,, U;. Again, we can choose large
enough 6 such that Hy = ¢(W, Uy, Us, ..., U,), meaning M = ¢(W,Uy,Us, ..., U,),
hence we can conclude that the set N UZ’/ = () U; is an element of M, thus

yeF 1<i<n
finishing the proof. O

Remark 6.1.8. The finitely many formulae we wanted Hy to reflect from the uni-

verse are the ¢ and the ¢ formulas defined above.

Corollary 6.1.9. It is an interesting consequence of Theorem 6.1.5 that the con-
tinuous Hausdorff image of compact metrizable space is metrizable, which can be

proven easily in the following way:
(i) X is compact metrizable so it has a countable base,
(i) Y has a countable base also by Theorem 6.1.5,

(7ii) As'Y is also normal (from compact Hausdorff again) so the Urysohn metriza-

tion theorem says that'Y is metrizable.
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6.2 Graphs with uncountable chromatic number

In this section I follow [3]. The next group of applications is about the following
question: given a graph with large chromatic number, what can we say about its
subgraphs? Is it true that certain cycles, paths or say highly connected graphs must
embed into every graph with large enough chromatic number? P. Erdos showed that
for any finite k, [ there exists a graph with chromatic number k& which contains no
cycles of length < [. So, the chromatic number can be arbitrary large, while the
[-neighbourhood of any vertex must form a tree. Now, trees have chromatic number
two, so we see that there are graphs with arbitrary large chromatic number which
locally have the smallest possible chromatic number.

Quite interestingly the above result does not extend to graphs with uncountable
chromatic number. In fact the following theorem holds where H,, 1 denotes the so
called infinite half graph: the vertices are {uy : k € w} U {v : k € w+ 1} and the

edges are uiv; where k <[ < w.

Theorem 6.2.1. (A. Hajnal and P. Komjath, 1984) Any graph G of uncountable

chromatic number must contain the graph H,, 1.

Vo V1 V2 v,

U Uq U9

In particular, all even cycles and actually all finite bipartite graphs must ap-
pear in any graph of uncountable chromatic number. We mention that the lack of
finite half-graphs of a given size also has various consequences on the structure and

regularity properties of a graph [6].

Proof. Suppose that G is a counterexample of minimal size x. Let us denote the
set of the vertices of G with V and the set of the neighbours of a vertex v with
N(v). Take a sequence of elementary submodels (Mg )a<ct(x) €ach of size less than
r and containing GG using Proposition 5.2.10. Let Vi := V N M; and for o > 1 let
Vo =V N Myi1 \ M,. Note that if one of the graphs V,, has uncountable chromatic
number, then by the minimality of G it must contain the graph H,, .1, but then G
must contain it as well, hence we can conclude that the graphs V,, have countable

chromatic numbers.
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We claim that for every o and v € V,, the set N(v) N M, is finite. Suppose for
a contradiction that {u, | n € w} is an infinite subset of N(v) N M,. The set N (uy)
is in M, because we can define it with a formula M,. By (2) from Lemma 5.2.6 we

get that the set M N(uy) is in M, as well for any n € w. Using (2) from Lemma
k<n

5.2.7 we get that the set () N(ug) must be uncountable for every n € w because
k<n

v is an element of the intersection and v ¢ M,. So, we can select pairwise distinct
vp, € N N(ug). Now, {uy | k € w} U ({vg | kK € w}U{v}) is a copy of H, 41 in G
Whidﬁg a contradiction.

We showed that for every a and v € V, the set N(v) N M, is finite, hence
we can glue the colorings of the graphs V, together as they all have countable
chromatic number. First, let us fix a coloring g, : V, — w for each graph V,,. We
will give a coloring g : V' — w X w, where g(v) := (g4(v), h(v)) and v € V,. We
will define the function h,(v) now. First, let h(v) = 0 for v € V N My, so the
coloring is g(v) = (go(v),0) for v € V N M;. Next, suppose that g [ V N M,
is already defined. For a vertex v € V,, the set N(v) N M, is finite, let us define
h(v) = min{w \ hA[N(v) N M,]}. This definition ensures that there is no conflict
between the colours on V N M, and V,. This finishes the construction of a good

colouring g and the proof of the theorem is done. O]

We saw that all even cycles must embed into any graph with uncountable
chromatic number. However, finitely many odd cycles can be avoided: the simplest
examples are the shift graphs [8]. Choose a cardinal £ and a natural number n. We
will define a graph SH,,(x), the vertices of the shift graph are []". The vertices a and
b will be connected if and only if ag < a1 = by < as = b1 < ...ap_1 = by_o < b_1.
For the n = 2 case it is not too hard to see that SHs(x) cannot contain a triangle. In
fact, SH,(x) contains no odd cycles of length at most 2n — 1. Moreover by choosing
k large enough the chromatic number of SH, (k) can be made arbitrary large.

On the other hand, it was also shown that in any graph of uncountable chro-

matic number, all but finitely many odd cycles must appear.

Theorem 6.2.2. (C. Thomassen, 1983, [7]) Any graph G of uncountable chromatic

number must contain odd cycles of all but finitely many lengths.

Proof. We can assume that G is connected, otherwise take a connected component
of uncountable chromatic number. Fix a vertex x then run a Breadth First Search
from that vertex. This will partition the vertices V' into (V,,)mew, where v € V,, if

and only if the shortest path from x to v has exactly m edges. Note that this can be
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done because there is no transfinite path (the definition of a connected component is
that all two vertices are connected with a path consisting of finitely many edges).

Now, because we partitioned V' into w many parts, some V,, most have un-
countable chromatic number: if all of them could be colored by countably many
colors then we could tie them together resulting in a countable good coloring of V.
Fix an m for which V,, has uncountable chromatic number. We will find all odd
cycles of length at least 2m + 1.

For any k € w we can find a copy H of the complete bipartite graph Ky in
V. Let uv be an edge in H and take paths P, P’ of length m from x to u and v
respectively. Note that P U P’ does not have edges in V,, and contains a path from

u to v of even length | < 2m.

Moreover in H we can connect u and v in paths of length 1,3,5,... up to 2k—1.
Connecting those two we get odd cycles of length [ + 1,1+ 3,...1+ 2k — 1. We can
do this for any k € w hence the proof is done. O]

6.3 Revisiting the A-system lemma

In this section I follow and [2] and [3]. The A-system lemma is one of the most
cited results in set theory, ubiquitous in forcing arguments, topological proofs and

Ramsey results. As a reminder here is the definition of a A-system.

Definition 6.3.1. We call a family of sets H a A-system, if 35 such that VF #
F' € H we have that F N F' = S. The set R is called the root of the A-system.

Theorem 6.3.2. (A-system lemma) Every uncountable family of finite sets F con-

tains an uncountable A-system.

Proof. We can assume without loss of generality that we work with subsets of w;
hence take F C [wy|<¥. Pick a countable M =< Hy, so that F € M. Fix any
be F\ M and let r =bN M. Let us consider the set

E={aeF|rCa}l.

Of course E € Hy, because |tc(E)| <|tc(F)| < X;. The set E is also an element of
M, because there is a formula which defines it (note that » € M by (7) from Lemma

5.2.6 since |r| < w and all elements of r are in M):

JE (a€e E< (ae FArCa)).
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Moreover, b € E'\ M so E must be uncountable by (2) from Lemma 5.2.7. We will
find our uncountable A-system in E with root r. Let us take a maximal subfamily
Ey of E in M which satisfies that {a \ 7 | a € Ey} is pairwise disjoint (that is, Ey is
a A-system with root r). By the elementarity property of M we get that this Ej is
also a maximal subfamily in Hy,, since we can define the set Ey with a formula.
We claim that Ey must be uncountable. Suppose for a contradiction that it is
countable. By (1) from Lemma 5.2.7 we get that £y C M as well. On the other
hand Fy C M so b ¢ M, hence the set EyU {b} is a proper extension of Fy in Hy,.
We will check that EqU{b} is a A-system. Of course, r C b, so we need to check that
the set {a \ r | a € {EyUb}} is pairwise disjoint. We already know that Ey C M,
but applying (1) from Lemma 5.2.7 to the elements of Ey we get that every element
of Fy is a subset of M. Since b N M = r, we know that b can only intersect the
elements of M in r. This contradicts the fact that Ey was maximal in Hy, so indeed

Ejy is an uncountable A-system. O
Now we revisit Theorem 3.3.6 and prove it with elementary submodels.

Theorem 6.3.3. Every family A = {A, | a < c"} C [c¢T]Y contains a A-system of

size ct.

Proof. The proof will be really similar to the proof of Theorem 6.3.2, but we need
to choose the submodel M more carefully. We want to pick M < Hjy such that
M Nt € ¢t the cardinality of M is ¢ and [M]¥ C M. We can construct a
continuous, increasing sequence of models (M, )a<,, €ach of size ¢ such that when
constructing the models M, ; we ensure that the model M, contains {A}U M, U
sup{ct N M,} U [M,]“ U {c} which is of cardinality ¢ so we can choose M, with
cardinality c¢. By taking M := |J M, it can be easily seen that M Nct € ¢t and
(M]* C M. e

From now on, we can proceed essentially the same as in Theorem 6.3.2. Pick
abe A\ M and let r := bN M. We have r € M, since [M]<¥ C M by (7) from
Lemma 5.2.6 and [M]¥ C M as we created M. Choose a subfamily B € M such that
B C A and B is maximal among the A-systems with root r. By elementarity, B is
also maximal in the universe. We claim that B has cardinality ¢*. If it would have
cardinality at most ¢ then we would have B C M because there exists a surjective
function from ¢ to B in M so we can define the elements B € B (we need that
¢ € M and that ¢ € M). This means that B C M would hold for every B € B
by (1) from Lemma 5.2.7. Thus, the family B U {b} would be a proper extension
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to B because it is a A-system with root r by the same reasoning as in the proof of
Theorem 6.3.2. O

More generally we have the following theorem which can be easily proved with

appropriately modifying the previous proof. It can be found in [2, Theorem 4.2].

Theorem 6.3.4. If A is a family of finite sets such that k =|A| is an uncountable

reqular cardinal then A contains a A-system of size k.
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