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1 Introduction

1.1 Overview of Known Results

The multi-armed bandit problem is one of the most studied problems in control and
decision theory, which encompasses the fundamental dilemma between exploration
and exploitation [1|. The term multi-armed bandit originates from the name of the
slot machine called one-armed bandit, because the studied problem is similar to the
situation a gambler might face in a casino when he wants to decide which machines
to play from a row of slot machines. Each of these machines is associated with a
probability distribution and pulling the arm of a machine yields a reward from its
distribution. Initially the distributions are unknown, but as the gambler plays the
machines, he gathers information which can guide future decisions. The gambler may
have different objectives, such as maximizing the total reward over a fixed number
of trials or identifying a near-optimal machine.

There are well-known algorithms to achieve these goals. The Upper Confidence
Bound (UCB) algorithm can be used if the goal is to maximize the total reward.
In this case we use the regret to measure how good an algorithm is. The regret is
the difference between the maximal reward, that can be achieve over n rounds by
playing the optimal arm all the time and the expectation of the sum of the rewards
collected by the algorithm. The smaller the regret, the better the algorithm. It can
be shown, that the Upper Confidence Bound algorithm is asymptotically optimal,
meaning that as the number of rounds tend to infinity, the regret becomes a constant
multiple of the regret of the best possible algorithm.

If the goal is to identify a close-to-optimal arm, we can use the Median
Elimination algorithm. In each round of this algorithm, we sample each remaining
arm a specified number of times, calculate the sample mean for each arm, and
eliminate the half of the arms with the lowest sample means.

Of course, for these algorithms to work, we must make some assumptions
about the arms. We assume that they belong to a defined family of probability
distributions. One of the most common assumptions is that the arms are 1-

subgaussian, meaning that the tails of the distributions decay at least as quickly



as those of the standard normal distribution.

These algorithms can be used not only in casinos, the multi-armed bandit
problem has many applications including A/B testing, advert placement and
recommendation services [2]|. In online advertising, multi-armed bandit algorithms
can dynamically adjust ads to maximize click through rates by balancing exploration
and exploitation [3, 4]. Multi-armed bandits power recommendation systems too,
such as those used by streaming services or e-commerce platforms, to dynamically
recommend products or content while learning user preferences over time [5, 6, 7|.
They can also be used in adaptive clinical trials to dynamically allocate patients to
treatments, aiming to find the most effective treatments while minimizing exposure
to less effective ones [8, 9|. Bandit algorithms are applied in financial portfolio
management to dynamically allocate assets in a way that maximizes returns while
managing risk through diversification and adaptive learning of asset performance
[10, 11]. In e-commerce and retail, these algorithms help in setting optimal prices
for products by balancing the exploration of different pricing strategies and the
exploitation of known profitable pricing [12].

In my thesis I present some of the principal results related to the stochastic
multi-armed bandit problems, focusing on the Upper Confidence Bound and Median

Elimination algorithms.

1.2 Contributions of the Thesis

In many applications, we can use the Median Elimination Algorithm to find a close-
to-optimal arm, since this algorithm doesn’t assume anything about the structure of
the arms. However, in some applications we can assume that an unknown concave
function describes the expectations of the arms and in this case we might use this
information to find a close-to-optimal arm much faster.

For example, consider a company aiming to determine the optimal price to charge
for a product in order to maximize its profit. In this scenario, each possible price
point can be viewed as an arm in the multi-armed bandit problem. Initially, reducing
the price from a higher value often leads to a substantial increase in the number of

units sold, as more customers are attracted by the lower cost. However, after reaching



a certain threshold, further price reductions yield diminishing returns in terms of
sales. This happens because customers become more price-sensitive, and after a
point, additional reductions in price no longer correspond to proportional increases
in demand. Instead, they might simply reduce the perceived value of the product.
This way we can assume that the company’s profit is a concave function of the price.
In this case, the number of arms is infinite because the price is a continuous variable.
However, if the company can only choose from a limited number of pricing strategies
or variations (e.g., different levels of product quality), the problem becomes finite,
as there is a fixed number of possible arms to test.

In my thesis, I examine some special cases of the multi-armed bandit problem
and present my own algorithms which leverage the extra information to identify
close-to-optimal arms more efficiently than Median Elimination. In all of these cases
I assumed that the arms are 1-subgaussian. I have developed (g, ) — PAC algorithms

for the following cases:

e There are finitely many arms, and we know that the expectations of the arms
increase up to a certain arm, after which the expectation decreases, and the
difference between the expectations of neighboring arms is at least A, where A
is known in advance. In this case the provided new algorithm finds the optimal
arm much faster than the Median Elimination algorithm (by choosing ¢ < A)

with a sample complexity of

1 n
O (logn + A2 log 5)

n 1

e The arms are the points of the [0, 1] interval and an unknown concave function

instead of

describes the expectations of the arms.

e The arms are the points of the [0, 1] interval and an unknown concave function
describes the expectations of the arms, which is Lipschitz continuous with a
known Lipschitz constant L. I have also calculated the sample complexity of

the algorithm in this case.



e There are finitely many arms and an unknown concave function describes the
expectations of the arms. The algorithm I developed finds an e-optimal arm
with probability at least 1 — d more efficiently than Median Elimination, with

a sample complexity of

1 1
(@) (6—2 <(log n)? +logn - log 5))
n 1
@) (8—210g 5) .

I have also implemented the algorithms and conducted experiments to assess their

instead of

performance by plotting the relationship between the algorithm inputs and the

sample complexity.



2 Definitions

We start this section by giving a more formal definition of the bandit problem. The

definitions and results in this and the following two sections can be found in [2].

2.1 Stochastic Bandits

The bandit problem is a sequential game between a learner and an environment.
The stochastic bandit model consists of a set of distributions v = (P, : a € A),
where A is the set of available actions, which are often called arms in the literature.
In each round ¢ the learner chooses an action A; € A and a reward X; is sampled
from distribution P4, by the environment. Both the learner and the environment
may use randomization.

The expectation of arm a will be denoted by p,(r) and the largest expectation
will be denoted by u*(v) = maxge4 pa(v). We assume throughout that p,(v) exists
and that it is finite for all @ € A. We also assume that p*(v) exists. If the context is
clear, we will drop the dependence on v and write y, instead of 1, (v) and p* instead
of u*(v).

In each round, the learner can only use the past observations to make a decision,
so A; only depends on the history Hy_y = (A, X1,..., A1, X4—1). A policy is a
mapping from histories to actions, which defines the decisions made by the learner
based on the previous observations. Policies can use randomization when choosing
the next action to be sampled and when making the final selection. An environment
is a mapping, which maps histories ending in actions to the reward received by the
learner. The environment is unknown to the learner, the learner only knows, that the
true environment is in a given set of environments, called the environment set. The
term bandit is often used instead of environment. For example an environment is
called a stochastic Bernoulli bandit, if the rewards are binary and the distributions
are Bernoulli distributions. The class of stochastic Bernoulli bandits is the set
including all stochastic Bernoulli bandits characterized by their mean vectors.

We distinguish between structured and unstructured bandits. An environment £

is called unstructured, if A is finite and there exist a set of distribution M, for all



a € A such that &£ is the Cartesian product of these sets

&= XaGAMa'

In this case by playing action a the leaner cannot learn anything about the
distribution of arm b # a. One example of unstructured bandits is the Bernoulli
bandit defined above.

Environment classes that are not unstructured are called structured. One
simple example is the stochastic linear bandit, where A C R% 60 € R? and
v = (N({(a,0),1):a€ A), € = {vp:0 € R'}. Here the learner can deduce the

true environment by playing just d arms spanning R,

2.2 Subgaussian Random Variables

One of the most important and most often used model for unstructured bandit
problems is the subgaussian bandit, where the distributions are subgaussian. In this
section, we give the definition of subgaussian random variables and prove theorems

about them, which will be used in later chapters.

Definition 1. A random variable X is o-subgaussian if for all A € R :

No

E [exp(AX)] < exp < 22 2) .

A few examples of subgaussian random variables:

e If X is Gaussian with mean zero and variance o2, then X is o-subgaussian.
e If X has mean zero and |X| < B, then X is B-subgaussian.

e If X has mean zero and X € [a,b], then X is (b — a)/2-subgaussian.

Remark 1. For random variables that are not centered (E[X] # 0), the notation is
abused by saying that X is o-subgaussian if the noise X — E[X] is o-subgaussian. A
distribution s called o-subgaussian if a random variable drawn from that distribution

15 o-subgaussian.



The following theorem states that the tails of a o-subgaussian distribution decay
at least as fast as the tails of a Gaussian distribution with zero mean and o standard

deviation. This property gives subgaussian distributions their name.

Theorem 1. If X is o-subgaussian, then for any e >0

2
P(X >¢) <exp (—%) .
o

Proof. Based on Markov’s inequality and the definition of subgaussianity, for all
A>0:

P(X > ¢e) =P (exp(AX) > exp(Ae))
< Elexp(AX)] exp(—Ae)

2 2
< exp <>\20 —)\5> .

By choosing A\ = ¢/0? we get that

2
P(X >¢) <exp (—ﬁ) .
o
[l

To study the tail behaviour of ji — p we will use the following statements, which

easily follow from the definition of subgaussian random variables.

Statement 1. Assume that X is o-subgaussian and X; and X5 are independent o4

and o9-subgaussian random variables. In this case:
o cX is|c|lo-subgaussian for all c € R.

o X+ Xy is \/o? + 03-subgaussian.

The following theorem provides concentration bounds for the sample mean [ of
independent, o-subgaussian random variables. It characterizes the probability that

the sample mean deviates from the true mean p by more than a specified amount ¢.



Theorem 2. Assume that X; — i are independent, o-subgaussian random variables.

Then for any € > 0,

ne?

P(j > < =
(u_u+8)_exp( 202),

2

P(i<p—e) <exp(—ey

202

where i = 3" | X

Proof. Tt follows from Statement 1, that g — pu = > (X; — p)/n is o//n-

=1
subgaussian. Using Theorem 1 for fi — u, we get the statement. O]

The above result says that for any § € (0,1) with probability at least 1 — 0,

. 2021og(1/9)

<+ —.
n



3 Upper Confidence Bound Algorithm

In this section we will examine the case, when the goal is to maximize the expected

cumulative reward, E[S,] = E[> " | X;], over n rounds.

3.1 Regret

The regret is an important measure of performance when the goal is to maximize

the expected cumulative reward. The regret of policy m on bandit v is defined by
> .
t=1

where the expectation is taken with respect to the probability measure on outcomes

R.(m,v) =nu*(v) — E

induced by the interaction of m and r. Minimizing the regret is equivalent to
maximizing the expectation of the sum of rewards. If the context is clear, we will
use R, instead of R, (m,v).

Based on the following statement, the regret is always non-negative, and for every
bandit v, there exists a policy 7w for which the regret is 0. Achieving zero regret is

possible if and only if the learner chooses the optimal action in each round.
Statement 2. Let v be a stochastic bandit. Then,

e R,(m,v) >0 for all policies T,
e the policy m choosing Ay € argmax v, for all t satisfies R,(m,v),

o if R,(m,v) =0 for policy w, then P(ua, = p*) =1 for all t.

The quantity A,(v) = pu*(v) — pe(v) is called the suboptimality gap, action gap
or immediate regret of arm a. Let T,(t) = >.'_, T{A, = a} be the number of times
action a was sampled by the end of round ¢. The following lemma decomposes the

regret in terms of the loss due to using each of the arms.

Lemma 1. (Regret decomposition lemma,)
Suppose that the set of actions A is finite or countable. Then for any policy 7, bandit
v and horizon n € N, the regret of policy m satisfies

R, =Y AE[T.(n)].

acA



Proof. Since ) . 1{A; = a} =1 for any fixed ¢,

Sp=> X;=> Y XI{A =a},

R, =np* —E[S,] =) Y E[(u" — X){A = a}].

acA t=1

The expected reward in round t conditioned on Ay is p4,, this way
E (1" — Xo)I{A; = a}[A] = I{A; = a}E[p" — X;|A/]
= {4 = a}(p" — pa,)

={A; = a}(p" — 1ta)
=I{A; = a}Aa.

By substituting this into the equation of R,, and using the definition of T} (n), we
get the result. O]

3.2 Algorithm

The Upper Confidence Bound (UCB) algorithm follows the optimism in the face
of uncertainty principle, which means that based on the observed data each arm is
assigned a value called upper confidence bound, which overestimates the unknown
mean of the arm with high probability. An arm is played only if its upper confidence
bound is larger than the upper confidence bound of the optimal arm. By playing a
suboptimal arm, the upper confidence bound will fall below the upper confidence
bound of the optimal arm. In the algorithm we assume that the arms are 1-
subgaussian and that the arms are numbered from 1 to k.

If (X;)j, is a sequence of independent 1-subgaussian random variables with

mean g and sample mean (i = %2?21 X;, by Theorem 2, for all 6 € (0,1)

210g(1/5)> o5

n

IP’(LLZ,&—F

We will use T;(t — 1) to denote the number of times arm ¢ was sampled by round
t and f1;(t — 1) will denote the sample mean of the obtained rewards. The upper

confidence bound in this case is defined the following way

10



00, if Tt —1) =0
UCB;(t —1,0) =

Ti(tfl) ’
Here 6 is called the confidence level and it quantifies the degree of certainty.

fi(t — 1) + /20800 - otherwise

The intuition behind the algorithm is that the algorithm should explore
promising arms (fi;(t — 1) is large) and arms which are not well explored (T;(t — 1)
is small). Suppose that at the start of round ¢ the first arm has been sampled much
more frequently than the rest and because of it we expect that fi,(t — 1) &~ py. In
this case the learner can be certain that arm ¢ is worse than arm 1 if the upper

confidence bound is less than or equal to the mean of arm 1:

21log(1/6)
- 1)

2log(1/9)

< ~ (t—1 T

fu(t —1) +

By choosing the arm with the largest upper confidence bound, an arm is chosen only
if its true mean could be larger than the mean of the arms that have been played

often.

3.3 Bounding the Regret of UCB

We will provide two bounds on the regret of the UCB algorithm.

Theorem 3. In case of the k-armed 1-subgaussian bandit problem, for any horizon
n, if & = 1/n?, then for the regret of the UCB algorithm

k
R,<3) Ai+ ) %M.

i=1 i:A;>0 v

Algorithm 1 UCB(J)
Input: n e N, 6 >0
fort=1,...,ndo
Choose action A; = arg max, UC'B;(t — 1,9).

Observe reward X; and update upper confidence bounds.

end for

11



In the proof we will use the following notations: If (Xti)te[n]ﬂ-e[k} is a collection of
independent random variables with distribution P;, then define fi;s = % 22:1 Xy to
be the sample mean based on the first s samples. The arm chosen in round ¢ will be
denoted by A;.

Proof. We may assume, without the loss of generality, that the first arm is optimal,

so pp = p*. By the regret decomposition lemma,

R, = ZAZE [T3(n)] . (1)

We will prove the theorem by bounding E [T;(n)] for each suboptimal arm. We
decouple the randomness from the behavior of the UCB algorithm. Let G; be the
event defined by

9 1
Gi — {/Ll < manCBl(t,(S)} N {ﬂzuz + m < ,u/l} )
i€n] s A

where u; € [n] is a constant whose value will be determined later. So G; is the event
when ; is not underestimated in any of the rounds by the upper confidence bound
of the first arm, while the upper confidence bound for the mean of arm ¢ after taking
u; samples from arm i is below the expectation of the optimal arm. We will show

the following two points:
e If G; occurs, the arm ¢ will be played at most u; times: T;(n) < u;.
e The complement event G¢ occurs with low probability.
Since T;(n) < n,
E[Ti(n)] = E[{G:}Ti(n)] + E[{G7}Ti(n)] < ui + P(GF) n. (2)

Now we will show that T;(n) < u; on G;. We prove this by contradiction. Suppose

that T;(n) > u;. In this case arm i was played more than wu; times over the n rounds,

12



so there exists a round t € [n| where T;(t — 1) = u; and A; = i. By definition of G},

- 2log(1/0
VOB =10 =hlt =1+ %
— i, + 1] 22080/0)
— Mau, s

<
< UCBl(t — 1,5)

This implies that A; = argmax; UCB;(t — 1,6) # 4, which is a contradiction. This
proves that if G; occurs, then T;(n) < u;. Now we will prove that G§ occurs with
low probability. By the definition of GY,

21log(1/9) S

G¢ = {,Ul > minUCBl(tﬁ)} U q iu; + = (3)

te(n] Us

We decompose the first set using the definition of UC B (t,0),

2log(1/0
te sen S

[n]
) 2log(1/6
U {20}

s€[n]

Using Theorem 2 to bound the probability that the difference between the

expectation and the sample mean is large, we obtain:
2log(1/6
P (m > min UCBl(t,(S)) <P qm >+ 2log(1/9)
te[n] oin] s

Sip@@mﬁ %%@» (4)

< nd.

The next step is to bound the probability of this set

R 2 1
{,Uiui + 4/ —log (—) > Ml} .

13



Assume that u; is large enough that

A Hoe10) o\ (5)
Us

for some constant ¢ € (0, 1) whose value will be determined later. Since p1 = p; + A,

using Theorem 2 we get that

2log(1 2log(1
P fliw, + MZM =P fhi; — i > Ay — M
Ui Ui
< P(flin;, — i > cA)
< _UiCQA?
< exp 5 )
Combining this with (3) and (4) gives that
22
P(GF) < nd + exp (_uzcz Z) :
If we substitute this into (2) we obtain the following result:
2A2
E[Ti(n)] < ui+n (n5 + exp (—UZCQ : )) : (6)

We have to choose u; € [n] to satisfy (5). It is natural to choose the smallest
integer for which (5) holds, which is
o 21og(1/6)
(1 —e)2A? |
If u; > n, then (6) holds trivially, since T;(n) < n. Using the assumption that
§ = 1/n? and the choice of u; we get that

2log(n?)

] ) 1-2¢2/(1—¢)? _
BRG] € w4 = hl_cm?

EREE

It remains to choose ¢ € (0,1). Unless 2¢?/(1 — ¢*) > 1, the second term will
contribute a polynomial dependence on n. If ¢ is too close to 1, the first term will
be large. Choosing ¢ = 1/2 leads to

161og(n)

E[T:(n)] <3+ —3

14



Substituting this into (1) we get that

k

B . ' b . 16 log(n)
Rn_ZAlE[T,(n)] §3ZA1+ > — (8)

i:A;>0 t

[]

The bound on the regret in Theorem 3 depends on the reciprocal of the gaps, and
if there is a very small suboptimality gap, then the bound will be large. However,
we can also prove a sublinear regret bound, that does not depend on the reciprocal

of the gaps.

Theorem 4. If§ = 1/n?, then the regret of UCB on any 1-subgaussian environment

with k arms, 1s bounded by

k
R, < 8y/nklog(n) + 32 A,
i=1

Proof. Let A > 0, its value will be determined later. From the proof of Theorem 3

we know that for each suboptimal arm 7,

161og(n)

E[T;(n)] <3+ —%3

Using the regret decomposition lemma (Lemma 1), we get that

Rn:ZAE
— ZAE + Y AEIT;

1AG<A [AVEZAN
16log(n)
< I = S
<nA+ Y- (BAZ+ A )
A >A

16k 1
<nat 2 Og SZA

< 8y/nklog(n) + 3 Z A,
i=1

Here the first inequality is true, because » ;. \ -1 Ti(n) < n and the last inequality

follows by choosing A = \/nklog(n)/n. O

15



The additive ), A; term is unavoidable because the algorithm has to play each

arm at least once. This term does not grow as n grows, and it is typically negligible.

3.4 Asymptotic Optimality

The UCB Algorithm we defined previously have to run for a fixed number of steps
to return an arm. It can be modified to be an anytime algorithm, meaning that the
algorithm returns a valid solution to a problem even if it is interrupted before it
ends. The algorithm is expected to find a better solution if it keep running longer.

By changing the UCB Algorithm we defined earlier, we can achieve a bound,
which has the same order as in Theorem 3 section but the leading constant, governing
the asymptotic rate of growth of the regret is smaller. In Algorithm 2 number of
arms is denoted by k and f(t) = 1 + tlog?(t).

Theorem 5. For any 1-subgaussian bandit, the regret of Algorithm 2 satisfies

‘ 5 2 (log f(n)++/mlog f(n) + 1)

R, < 5 inf A |1+ =+
‘ c€(0,A9) g2 (A; —e)?
2:;>0

From this inequality we can see that

A lower bound can be given, which is a constant multiple of the above expression

and this proves the asymptotic optimality of the algorithm.

Algorithm 2 UCB(9)
Input: £ e N

Choose each arm once.

2log f(t) )
Ti(t-1) )°

Choose action A; = argmax; (ﬂ(t - 1)+

16



4 Median Elimination

In this section we will deal with a new learning objective, when the goal is to develop
an algorithm that finds a near optimal arm with high probability. In this case the
horizon is not fixed, and n will be used to denote the number of arms. An arm is
called optimal, if it has the highest expected reward among all of the arms. There

can be multiple optimal arms, their expected reward is denoted by r*.
Definition 2. An arm a € A is called e-optimal if

E[X(a)] > 1" —¢,
where X (a) is a reward sampled from the distribution of arm a.

Definition 3. An algorithm is called an (e,9)-PAC (probably approzimately correct)
algorithm for the multi-armed bandit problem with sample complexity T, if it outputs
an e-optimal arm with probability at least 1 — § when it terminates, and the number

of steps the algorithm performs until termination is bounded by T

4.1 Algorithm

We state a version of the Median Elimination algorithm [13, 14], for the case, when

the arms are 1-subgaussian.

Algorithm 3 Median Elimination
Input: € > 0,0 >0

Output: an arm which is e-optimal with probability at least 1 — 9

Set S1 =A,e1=¢/4,5,=0/2,(=1.

repeat
Sample every arm a € S, for n, = [8log(3/d,)/e?] times, and let i’ denote
its sample mean.
Find the median of the /i’ values and denote it by m,.
Ser1 = Se\ {a: it <my}
Eop1 = e, 81 = 00/2, L =10+ 1

until [Sy| =1

17



4.2 Sample Complexity of Median Elimination

Theorem 6. The Median Elimination algorithm is an (e,6)-PAC algorithm and its

n 1

We will use two lemmas to prove this theorem.

sample complexity is

Lemma 2. In the Median Elimination algorithm, for every phase £

P (maxuj < max [ +8g> >1—90,.

j€Sy 1€S¢41

Proof. Without the loss of generality we can look at the first round and assume
that py is the expectation of the best arm. We bound the probability of failure by
looking at the event Fy = {ji; < p; —1/2}, when the sample mean underestimates

the expectation. We sample the arms so many times in the first round, that
P(EY) =P (jn < p1—€1/2)

ny /€1 2

< B

= &P ( 2 ( 2 ) )
1 [ 8log(3/d 2

— exp (__ [MW (2) )
2 €1 2

< o (L0805 (27

_ %
-2

N}

In the first inequality we used the fact, that the arms are 1-subgaussian, then we
used the definition of n,. Now we bound the probability, that the sample mean of
arm j is larger than the sample mean of the optimal arm, if £; does not hold and

arm j is not ey-optimal. If fi; > g —e1/2, p; < pn — €1 and fi; > fig, then
flj > fn > —e1/2 > py+e1/2.
this way
P(i; > pulpn = —er/2) <Py = pj+e1/2[fu = —e1/2) <& /3. (9)

18



Let Y denote the number of arms which are not £;-optimal but have a higher sample
mean than the optimal arm. Based on (9), E[Y | iy > f11—¢1/2] < ndy /3. By applying
Markov’s inequality, we get that

01/3
P(Y > n/2|jn > i —e1/2) < ° 3 _ 201/3.
n/2
This way the probability of failure is bounded by & . n

Lemma 3. The sample complexity of Median Elimination is

n 1

Proof. In the ¢-th round %7 arms are sampled, so the number of arms sampled in
total is 574¢ 8log(3/%) By definition &, = 6/2¢ and g, = ((3/4)"*e/4). We can bound
Z

the sample complexity the following way:

el 8log(3/d,) e log(2¢3/9)
> g =8

2

P € = 273/ e/
log,(n) -1
128n 8 1
=2 ; 1 (5) <log 5 + log 3 + (log 2)

logy(n) -1
128n10g(1/6) 8 ,
< —52 E — (C'+C)

= \Y
—(9( log(ls)

Proof of Theorem 6. By Lemma 3, the sample complexity is bounded by

[]

@) (1 log %) By Lemma 2, the probability of failure in round 7 is d;, so the probability

logs(n

of failure over all rounds is bounded by »,°; (5 < 9. In each round, the optimal

reward of the remaining arms is reduced by ¢; at most, so the total error is bounded
by Zl°g2 g < e. O
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4.3 Lower Bound on the Sample Complexity

As we saw in the previous section, O ((n/e?)log(1/§)) sampling is enough to find
an g-optimal arm with probability at least 1 — 0 if there are n arms. In this section
we will provide a matching lower bound on the expected number of trials under any
(¢,0)-PAC policy. The results of this section can be found in [15].

In this section, we will examine the special case when the rewards are Bernoulli
random variables with unknown parameters (biases). In this special case the arms
are often called coins and the unit rewards will be called heads. The number of arms
will be denoted by n, and X will denote the reward obtained the kth time arm ¢ is
sampled, p, will denote the mean of arm ¢ and p = (py, ..., p,). We will only consider
policies that stop with probability 1 for every possible p. Given a policy, P, will
denote the corresponding probability measure on the natural probability space for
this model, which captures both the randomness in the arms and the randomization
in the policy. The number of times arm ¢ is sampled will be denoted by 7, and T

will denote the total number of trials.

Theorem 7. There exist positive constants ci, ca, €9 and Oy such that for every
n>2¢e€(0,&),d € (0,0) and for every (¢,0)-PAC policy, there exists ap € [0, 1]™
such that

n (&)
]Ep[T] Z 01? IOg g

In particular, eg = 1/8 and &y = e*/4 satisfies this.

Proof. We define ey = 1/8 and ¢y = e71/4 and fix some ¢ € (0,29), § € (0,8). Let
us consider the multi-armed bandit problem with n + 1 coins numbered from 0 to n.
We will consider a finite set of possible p vectors, and we will call these hypotheses.
The bias of coin 0 will be pg = (1 + €)/2 under all of the hypotheses. Under H,, all

the other coins have a bias of 1/2,

1 ¢
H, : = -4 = —. V7 .
0 - Po 2+27 D 2avl7é0
For ¢ =1,...,n, define
1 ¢ 1 1
H = — — = — —_ )
¢ - Po 2+27 De 2+5> Di 2>VZ7£07€



Fix an (¢/2,§)-PAC policy. Under Hy, the policy must select coin ¢ with probability
at least 1 — 9. Under Hy, the expectation and the probability will be denoted by E,
and P,. We define

1 1 1 1

# = —log — = — log -
ce? 08 45  ce? 8 0’
4

where c is a constant whose value will be chosen later and 6§ = 4. This way 6 < e™".
Let us assume, that there exist a coin ¢ # 0, for which Eq[T;] < t*. We will show,
that in this case, the probability of selecting Hy under Hy is greater than 0 and it
contradicts the fact that the policy is (£/2,9)-PAC. Without the loss of generality
we may assume, that Eq[T}] < t*. Let us define A = {T7 < 4¢*}.

Since t* > Eo[Ti] > 4t*'Po(Ty > 4t*) = 4t*(1 — Py(Ty < 4t*)), we obtain that
Py(A) > 3/4. We define K; = X] + ... + X! to be the number of heads if coin 1 is

sampled ¢ times. We define event C' the following way:

Kfé4<¢m@@@}

Now we will prove a few lemmas which will be used for the proof of this theorem.

C:{max

1<t <4t

Lemma 4. Py(C) > 3.

Proof. We will prove a more general result. Let us denote the bias of coin ¢ under
hypothesis Hy by p;, and the number of heads if coin i is tossed ¢ times by K}. Let
us define C; the following way:

a:{mw|m_mq<¢m@@@}

1<t<4t

It is easy to check that K!—p;t is a P,-martingale. Since x — z? is a convex function,
and a martingale composed with a convex function is a submartingale, we can use
Doob’s maximal inequality to bound the probability of the complement of C;:
, ; 2
P K, — pit| > \/t*log(1 =P K; —pit)” > t"log(1
¢ (1ggg§*| { = pit] > /1" log( /9)) 0 (1ggg§*( [ —pit)” > 1" log( /9))

Eo[(Kye — 4pit”)?]

*1og(1/6)
Since E,[(K},. — 4pit*)?] = 4p;(1 — p;)t*, we get that
Api(l—pi) _ 3
Py(C) > 1 — ——FF- > —.
e S TR
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The last inequality is true, because 6 < e=* and 4p;(1 — p;) < 1.
Under hypothesis Hy, coin ¢ = 1 has bias p; = 1/2. Applying the result under
these settings we get that Py(C) > 3/4. O

Lemma 5. If0 <z <1/v2 andy >0, then (1 —2)?¥ > e~ %Y, where d = 1.78.

Proof. 1t is straightforward to prove that, log(1 — z) + dz > 0, for 0 < x < 1//2.
This way, y (log(1 — z) + dx) > 0 for all y > 0. By rearranging and exponentiating,
we get that (1 — z)¥ > e~92v. O

Let B be the event, that the policy selects coin 0. Since the policy is (¢/2,6)-PAC
and § < e~*/4 < 1/4, the probability of B is Py(B) > 3/4. We have already seen
that Py(A) > 3/4 and Py(C) > 3/4. Let us define S to be the intersection of A, B
and C, so S = AN BNC. Based on the above FPy(S) > 1/4.

Lemma 6. If Ey[T1] < t* and ¢ > 100, then Py(B) > 0.

Proof. Let W denote the history of the process until the policy terminates (the
sequence of selected coins at each time step and the observed rewards). We denote
the likelihood function by Ly(w) = P,(W = w). We will use K to denote the total
number of heads obtained from coin 1. If the history is given up to round t — 1, the
coin choice at time ¢ has the same probability under Hy and H; and the reward at
round ¢ has the same distribution under Hy and H;, unless the chosen coin in round
t is coin 1. This way,
LiWw)  (1)2+e)f(1/2—g)h K
Lo(W) (1/2)h
= (1+2¢)%(1 —2e)K(1 — 2¢)" 2K
= (1 —4eh)5(1 — 25)" 2K,
Now we will give a lower bound of this expression, when event S occurs. In this case
event A occurs as well, so K < T; < 4t* and
(1 —4eH)5 > (1 — 4
(1— 4€2>410g(1/9)/(65)2

(10)

6_16d log(1/0)/c

916d/c‘

Y]
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In the second inequality we used Lemma 5, which applies, since 4¢% < 4/4% < 1/ V2.
If event S occurs, then event A N C' occurs as well, so using the definition of t* we
get that
Ty — 2K < 24/t*log(1/0) = (2/ev/c)log(1/0).
Using this, we can give a lower bound on (1 — 2¢)T1—X:
(1— 25)T1*K > (1— Qé«)(?/e\ﬁ) log(1/0)
> o (4d//e)log(1/6)

= gV

If we substitute this into (10) we get that

Lo(W)

If we pick a large enough ¢, for example ¢ = 100, we get that

Ly(W)/Lo(W) > 6 = 49,

whenever S occurs. This way
Li(W)
Lo(W)
where Ig denotes the indicator of event S. Combining this result with the fact that
Py(S) > 1/4, we get that

Is > 401,

Li(W
Py(B) > P\(S) = El] = E, { 1 )HS} > Eo[4615] = 4Py(S) > 0.
Lo(W)
]
We have shown that P (B) > ¢ if ¢ > 100 and
1
< — —.
EolT3] < ce? log 46
So if we have an (¢/2,6)-PAC policy, then for every ¢ > 0
1 1
Eo[Ty) > 2108 5
Equivalently, for every (e, §)-PAC policy
1 1
]
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5 Finitely Many Arms with a Special Structure

In this section we will consider a special case of the multi armed bandit problem
under the PAC settings in which there are finitely many arms and we have further
knowledge about the structure of the arms. This special case arises in applications,
for example the quantized estimation problem studied in [16] leads to a bandit

problem of this kind. In this case the assumptions on the arms are the following:
Assumption 1. There are n =2"+1, m > 1 arms.

The arms will be denoted by aqg, aq, ..., asm and the expectation of arm a; will be

denoted by ;.
Assumption 2. There exists a k € {0,1,...,2™} such that
fo < 11 < oo < et < iy > gl S g S oo > flom.
Assumption 3. There exists a known A > 0, such that for all 0 <7 < 2™ —1,
i1 — pil = A

Assumption 4. The arms are 1-subgaussian.

5.1 Algorithm and Sample Complexity

For a fixed § € (0, 1), we can find the optimal arm with probability at least 1 —§ by

running Median Elimination with e = A/2. The sample complexity of this solution

n 1
@ (Plog 5) .

However under these assumption, we can create an algorithm, which finds the

18

optimal arm much faster.
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Algorithm 4
Input: 6 >0

Output: an arm which is optimal with probability at least 1 — ¢

Set S1 =A, 61 =4§/2,(=1.

while |Sy| > 3 do
Sample n, = [log(4/8,)/(2*™2=5A%)] times each of the three arms:
aj, je{i- 2m—t=1 i =1,2,3} and let ﬂ? denote their sample means.
iy = arg max; /SL§
Sepr = {a; sy —2m7 7 < <y 2mtY
Renumber the arms from 0 to 2™,
dpr1=0p/2, 0 =0+1

end while

Sample n,, = [log(4/d,,)/(273A?)] times the remaining arms: ag, ai, as.

Let " denote their sample means.

*

y J— ~m
by = AT MAX;e101 2} Hj

return a;:

Theorem 8. Under Assumptions 1-4, Algorithm / finds the optimal arm with

probability at least 1 — 0 and its sample complexity is

1 n
@) <logn+ Plogg) )

We will use the following lemmas to prove Theorem 8.

Lemma 7. For every phase { =1,2,...m — 1

P (max,uj > max Mi> < dy.

JESy 1€S041

Proof. Let i* = argmax;g, y1;. We have to show that IP (a;- ¢ Spy1) < dp.

Since a;+ ¢ Sgyq if and only if |i* —df| > 2m~¢ 1,
]P)(a,i* ¢ Sé-i-l) — ]P (|Z* _ ZZ| > 2m—€—1)

[]P)(h* — ZZ| > 2m—€—1 | ZZ =9 2771—6—1) P (ZZ =g 2m—£—1) ]

I
-
i Mw
)
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The value of P (|i* — ij| > 2m~"! [4if =4 -2m7*71) is either 0 or 1 and it is 0 for at
least one value of ¢ € {1,2,3}. We have to give an upper bound on the probability
P(i; =i-2™*") when [i* —i- 2™ > 2m~*"1. We will show that in this case
P (22‘ =1q- 2’”_@_1) < 0¢/2 and from this the statement of the lemma follows.

First we deal with the case, when i* > i - 2m~~1. With the j = (i + 1) - 2m~¢~1
i' =i -2m 1 notations: i* > j >4 = pp > p; > py, because i* is the index of

the optimal arm in S, and based on Assumption 2 the arms satisfy that
Mo < 1 < oo < x> .00 > Ugmt1-t.

Since j — i’ = 2™7*71| from Assumption 2 and 3 follows that p; > uy + 2™ 1A,
By the definition of ¢j if if = ¢’ then fif, > i, so P(i; = ¢') < P(i, > jif). Consider
the following events:

A= i > py — 2" 2A,

B = {pl < py +2m2AY,

C = {fi > fiy}.

It is easy to see that ANB — C':
> gy — 27PN >y 4 27 TN = 27T RN =y + 27PN S

This implies that:

IN

oo (Lo [t 1

1 m—0—2 A\2 103(4/58)
< exp (—5(2 A) Samosis Az

= 07/4.
Similarly, P(B) < §;/4. The case when i* < i - 2™ ! can be proved similarly. [
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Lemma 8. For the final phase:
P(max ptj > priz,) < Om.
Proof. Let i* = argmax;cg ftj. We have to show that P (i* # iy,) < d,,. By the law
of total probability,
2
D P iy i = ) P, = ).

J=0

P(I* #17)

The value of P(i* # i¥, | if, = j) is either 0 or 1 and it is 1 for exactly two values of
j. We prove that P(i, = j) < J,,/2 when j # ¢* and this proves the lemma. By the

definition of ¢*

o AL 2y, = j then 7" > . This way:
P(it, = j) < P > ).
By the definition of ¢* : p; < p;+ — A. Consider the following events:
B:{ﬂ;n <:uj+A/2}>
C = {jr > i},
It is easy to see that AN B — (-
i > prie — D22 py+ A= AJ2 = pj+ AJ2 > [

This implies that:

P(ir, = j) < P(f" > %) = P(C) <P(AV B) < P(4) + P(B).
It remains to show that P(A) < 6,,/4 and P(B) < §,,/4:
P(A) = P(Al? < - — A/2)

< oxp (—5a22 [T )

1 log(4/6:m)
e (582855
= 5, /4.
Similarly, P(B) < §,,/4. O
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Lemma 9. The sample complexity of Algorithm / is

@) (logn+ A log 5)

Proof. The number of arms sampled in the ¢-th round is 3 - n,, so the number of

arm sampled in total:
D 3-n, <3 [log(4/8) / (27770 A%)]
=1 =1

<3m+3 Zm: log (4/8¢) / (2™ 25 A2)

=3m+3) log (27%/8) / (2" A?)

=1
_ 20 042
=3m+ o S (ZZ log (2 /5))

3 m—+2 20
<3mt s A1og2 /6) 22

3 _— 22m+2

= 3m + 128A 7 log (2™2/9)
1 n
=0 (logn+ A2 logg) .
[

Proof of Theorem 8. By Lemma 7 the probability that the optimal arm is removed

in the first m — 1 rounds is less than or equal to

3
L
S

5 5
2! gm—1"

By Lemma 8, the probability that the algorithm doesn’t return the best of the three
arms in the last round is less than or equal to ¢, = §/2™, so the probability, that
the arm returned by the algorithm is not optimal is less than §. By Lemma 9, the

sample complexity of the algorithm is

1 n
@ <logn—|— A log E) )
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Remark 2. In the general case when 2™ 1 +1 < n < 2™+1 we can do the following:
At first update the indices:

S V’” +1-— nJ

11+ | — .
2

This way we can sample the arms a;, j € {i-2™2% ¢ = 1,2,3}. Sample all of

them ny = [log(8/6)/(2*™~"A?)] times. Let i} denote their empirical values and let

i} = arg max; ,&]1 Keep the 2™ 1 + 1 arms closest to the arm a;x, denote the set of

these arms with Sy. Renumber the arms from 0 to 2™~ Set §, = §/4 and ( = 2.

After this we can continue with the second round of Algorithm 4.

5.2 Experiments

Based on Lemma 9, the sample complexity of the algorithm is

1 n
@) <logn+ plog5> .

The following plots illustrate the relationship between the sample complexity
and certain parameters of Algorithm 4. Figure 1 demonstrates the logarithmic
relationship between the number of arms and the sample complexity. Figure 2
explores the dependence of sample complexity on §. We can see, that as § increases,
the sample complexity decreases, which aligns with the derived sample complexity
formula. On Figure 3 we can observe the inverse relationship between the sample
complexity and A as higher values of A correspond to lower sample complexities,

which is consistent with the ﬁ term in the derived formula of the sample complexity.
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Figure 1: The relationship between the number of arms (n) and the sample

complexity in case of A =1, § = 0.01.
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Figure 2: The relationship between the § parameter and the sample complexity in
case of A =1, n = 1025.
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6 Infinitely Many Arms with a Concave Structure

In this section we will consider the problem in which the arms are the points of the
[0, 1] interval and an unknown concave function describes the expectations of the

arms. The assumptions on the arms are the following:

Assumption 5. The arms are the points of the [0, 1] interval and the expectation

of arm z € [0,1] is f(x), where f:[0,1] — R is an unknown concave function.
Assumption 6. The arms are 1-subgaussian.

Under these assumptions we can create an (e,d)-PAC algorithm, which is more

efficient than Median Elimination.

6.1 Algorithm

In each round of this new algorithm, either the set of the arms is reduced or the
algorithm terminates. In round ¢ the set of arms is denoted by S,, which is divided
into four equal-length subintervals by five arms: z§, ¢, x5, 2§, 2§ (Figure 4). The
expectation of arm z¢ is denoted by pf. In round ¢ we already have estimations of
pé and pf from the previous round. We want to estimate pf, u§ and pf as well, so
we sample r¢, 5, 8 many times and we estimate the expectations with the sample

means. The sample mean of arm z¢ is denoted by fif.

c
K=l
g b
8 [ ) ’ [ ]
g H1 H3
x
i1}
Xo X1 2 X3 4
0.00 0.25 0.50 0.75 1.00

Arm

Figure 4: The set of arms is divided into four equal-length subintervals
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If 4§ and fi§ are close to 5, then uf and p are close to jb. If

py — /2 <yl ph < pb+¢/2, (*)

then the arm x4 will be e-optimal because of the concavity and the algorithm can

return arm acg:

e An arm with expectation larger than uj + & cannot be between x§ and z{,
because in this case u{ would be under the line segment connecting the
expectation of this arm with % and this cannot happen because of the

concavity (Figure 5).

e An arm with expectation larger than p$ + & cannot be between z{ and %,
because in this case u5 would be under the line segment connecting the
expectation of this arm with p4 and again, this cannot happen because of

the concavity (Figure 6).

2
0.00 0.25 0.50 0.75 1.00
Arm

Figure 5: An arm with expectation larger than pb + ¢ cannot be between x§ and %

if (*) holds

Figure 6: If (*) holds, an arm with expectation larger than uf +¢ cannot be between

2t and 24
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e Similarly, neither the (x5, 2%) nor the (24, z{) interval can contain an arm with

expectation larger than f + €.

If 4f is much smaller than 5, then puf < pb and the optimal arm cannot be
on the left of arm z{ otherwise u{ would be under the line segment connecting the
expectation of the optimal arm with 4, which contradicts the fact that a concave
function describes the expectations (Figure 7). So in this case we can remove the
arms on the left of arm z¥.

Similarly, if /i% is much larger than 5, then u{ > p$ and because of the concavity,
the optimal arm cannot be on the right of arm x%. This way we can remove the arms
on the right of arm .

We can also remove arms similarly, if /i§ is much smaller or larger than /5.

Figure 7: If p¢ < pf, the optimal arm cannot be on the left of arm z{
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Algorithm 5
Input: 6 >0, >0

Output: an arm which is e-optimal with probability at least 1 — ¢
Set g = 40/2, xy =0, ] = 0.25, 3 = 0.5, z3 = 0.75, x} = 1.
Sample ng = [128log(4/d0)/e*] times x} and ..
Let f1}, jij denote the sample means and p, u; denote the expectations.
Set S1 =[0,1], 6; = do/2, £ = 1.
while TRUE do
Ser1 = Se.
Sample ny, = [128log(6/6,)/c*] times the three arms: x¥, x5, x5.
Let if, fi5, i§ and p, pb, p§ denote the sample means and expectations.
if (¢, b € (i —e/4, i + /4) then return z4
if 0§ > 5 +e/4 then Sy = Spiq \ (25, 24

> ]

if of < é /4 then Sppq = Spyq \ [26, 27)

if 05 > (b +e/4 then Sy = Sy \ [26, 25)

if ji5 < fi; — /4 then Spiq = Sppr \ (5, 2]
oLt

— min Sy, 24 = max Sp,,
E 1 3 /41 1 041 041 l /41 1 /41 041 ]_ 041 3 /41
$1+ = 33'0+ + -1'4—"_ $2+ :U0+ + $4+ $3+ l’0+ + $4+ .

Let /fbf)“, pitt denote the sample means of 1:”1

and z4*! calculated in
round £, and let 5™ and p4t" denote the expectations of z5™ and 2™,
Opp1 =06¢/2, L =10+ 1

end while

Theorem 9. Under Assumptions 5-6, Algorithm 5 finds an e-optimal arm with
probability at least 1 — 9.

First, we will prove a few lemmas, which will be used for the proof of the theorem.

Lemma 10.
P30, 3i € {1,2,3} : |fg — pui| > ¢/8) < 6/2,

P(ljth — 1b] = e/8V |ty — ul] = £/8) < 6/2.
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Proof. For every phase ¢ > 1:

P(3i € {1,2,3} : |ji; — ui| > ¢/8)
3
< Y B(i - ] > €/8)
=1

<3-2exp (—ng- (¢/8)%/2)

< dy.

P(3¢, 3 € {1,2,3) : |l — ] > /8)

<Y P(Fi€ {1,2,3} : |l — pf] > £/8)
=1

< i(sf =6/2.
/=1

P(ljio — pol > /8 V iig — i) > £/8)
< P(ljio — pol > /8) + P(ljig — pol > €/8)
<2-2exp (—ng - (£/8)%/2)
<y =10/2.
[

Lemma 11. Suppose that |t — uf| < €/8 for i = 0,1,2,3,4. Let x* denote the
optimal arm. If i < j and it > /lf + e/4, then x* < xﬁ Simalarly, if © > 7 and
il > /lg + /4, then * > xf
Proof. If juf > [if +¢/4 then pf > pf:

pl >t —e/8 > /:L§+€/4—8/8:,[L§—|—8/8 zuf..

Arguing indirectly, assume that 2* > z%. Then there exists a ¢ € [0,1] such that

¢ ¢ -
x; =t x; + (1 —1t) 2" Because of the concavity:

fl@f) = flt-af+ QA —t)-a") >t f(z) + (1 —1)- f(z") > flaf).

It contradicts the fact that uf > ,ug. The other case can be proven similarly. O]
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Lemma 12. If|af—pé| <e/8 fori=0,1,2,3,4 and fif_, i, € (f—e/4, pi+e/4),
then

:uz 17uz+1€[ 5/2 M2+€/2]

Proof. Using the assumptions of the lemma, we get the following:
¢ ~ 0 N Y ¢ _ 0
Mioy = g —€/8 2 fl; —€/d—¢e/8=[; =3/8-e>p; —¢/8—=3/8-e=p; —¢/2,

pl < pb ve/S<pbte/dte/8 =0l 4+3/8 e <t +e/8+3/8 =yl +e/2.
Similarly, uf,, € [uf — /2, ué +¢/2].

O
Lemma 13. If |af — | < /8 fori=1,2,3 and jif, ji§ € (05 — /4, 45 +¢/4), then

> .
I max f(z) —e

Proof. Let 2* = argmax, g, f(z). Arguing indirectly assume, that f(z*) > f(x5)+e.
If % < x{, then there exists a ¢t € [0,1] such that 2§ = (1 —#) - 2* + ¢ - 5. The fact

that z{ is closer to #* than to x% implies that ¢+ < 1/2. Because of the concavity:

flay) = f(A—t)-a" +1t-ay)

This contradicts the fact that f(zf{) < f(z5) +¢/2.
If 2f < 2* < 2%, then there exists a t € [0,1] such that x5 = (1 —¢) - 2* + ¢ - 25. The

point x$ is closer to z* than to 5, so t < 1/2. Because of the concavity:

37



This is again a contradiction.
If 25 < 2* < z%, then there exists a t € [0,1] such that x5 = (1 —¢) - 2f + ¢ - 2*.
The fact that 24 is closer to #* than to x% implies that 1 > ¢ > 1/2. Because of the

concavity:

> (1—t)- fzy) +t- f(z")

> (L—t)- (f(a5) —e/2) +t-(f(a5) +¢)
= fx5) + (3/2 -t —1/2)

> f(x5).

Which is again a contradiction.
If 25 < 2%, then there exists a t € [0,1] such that 2§ = (1 —t) - 25 +¢ - 2*. The point

zf is closer to z* than to x5, so t > 1/2. Because of the concavity:

flag) = f(Q—1) a5 +1-2%)
> (1—t)- flg) +t- fz")
> (L—1t)- flah) +t- (flay) +e)
= f(zh) +t-¢
> f(a3) +/2.

This contradicts the fact that f(z4) < f(z5) +&/2.
[

Proof of Theorem. By Lemma 10, P(3¢, 3i € {0,1,2,3,4} : |af — pt] > ¢/8) < 6.
Now consider the case, when V¢, Vi € {0,1,2,3,4} : |t —put| < &/8. In each round at
least a quarter of the arms are removed or the algorithm terminates. By Lemma 16
the optimal arm is never discarded and by Lemma 13 an e-optimal arm is returned
when the algorithm terminates. This way Algorithm 5 returns an e-optimal arm

with probability at least 1 — 9. m
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6.2 Experiments

The following plots demonstrate the relationship between the sample complexity of
Algorithm 5 and the input parameters of the algorithm. The f(z) = —? function
describes the expectations of the arms in both cases. Figure 8 demonstrates the
inverse relationship between the sample complexity and . As € increases, the sample
complexity steeply decreases. Figure 9 explores the dependence of sample complexity
on §. We can see, that the sample complexity decreases much more slowly with an

increase in the § parameter compared to an increase in the € parameter.
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7 Lipschitz Continuous Case

In this section we will consider the case when there are infinitely many arms, which
are the points of the (0, 1) interval, and an unknown concave function describes the
expectations of the arms, where this function is Lipschitz continuous with a known

Lipschitz constant:

Assumption 7. Function f is Lipschitz continuous with Lipschitz constant L:

1f(x) = fW)| < L-|lz—y| Vao,yel01]

In this case, if the length of the set of arms is less than or equal to 2 - /L and
it contains the optimal arm, then the arm in the middle of the interval will be e-
optimal. By modifying Algorithm 5 so that it returns the arm in the middle when
the length of the set of arms is less than or equal to 2 - ¢/L, we get Algorithm 6.

7.1 Algorithm

Theorem 10. Under Assumptions 5-7, Algorithm 6 is an (e,9)-PAC algorithm, and

its sample complexity is

o5 (() () i)

Proof. 1f f is Lipschitz continuous with Lipschitz constant L and there is an interval
with length less than or equal to 2 - ¢/L containing the optimal arm (y), then the

arm in the middle of the interval (z) is e-optimal:

-yl <e/L = [f(x) = fly) <e

By Theorem 9, the probability that the optimal arm is removed by Algorithm 5 is
less than 0. This way Algorithm 6 is an (e, d)-PAC algorithm.

After ¢ rounds the length of the interval is (1/2)%, so £ = |log, £ | round is enough
to get an interval no longer than 2 -¢/L. So the algorithm terminates in ¢ rounds

and the number of samples required by the algorithm is bounded by:

40



128 4 128 6
—1 — 1
[ ogé—‘+32[ ogé—‘

1=

128 128
<304+2+2- —10g6 Zlog(s

128

12 2¢
)

f .

128 12. 9
—30+2+3.- 1o

+2+ (H - >

0
128

i=1

12 126+
—30+2+43- —810g( -2“@*”)
Ef

.

128 12 (41
:3€+2—|—3-6—2<(€+1)10g—+ Chs )log2)

S
(& (o) + (e ) e ) ).

41



Algorithm 6
Input: € > 0,0 >0

Output: an arm which is e-optimal with probability at least 1 — ¢
Set g = 40/2, xy =0, ] = 0.25, 3 = 0.5, z3 = 0.75, x} = 1.
Sample ng = [128log(4/d0)/e*] times x} and ..
Let f1}, jij denote the sample means and p, u; denote the expectations.
Set S1 =[0,1], 6; = do/2, £ = 1.
while TRUE do
if |S;| <2-¢/L then return x4
Ser1 = Se.
Sample n, = [1281og(6/d,) /%] times the three arms: z, 5, 5.
Let if, fi5, i§ and p, 1b, p§ denote the sample means and expectations.
if o, 04 € (@b —e/4, i + ¢/4) then return z4
if 0§ > b +e/4 then Sy = Spiq \ (25, 24

> ]
if of < g e/4 then Sy = Sy \ [25, 25)
if 04 > (b +e/4 then Sy = Spyq \ [26, 25)
if 0§ < i —e/4 then Sy = Sy \ (o, 2]
25™ = min Sppq, 2 = max Sy,
$€+1 LR R I A G L G e R L )
Let gétt, pit! o1

and z{™ calculated in

round £, and let 5™ and p4t' denote the expectations of 25™ and 2™,
Suir = 00/2, €= (41

end while

, ity denote the sample means of z;

7.2 Experiments

Based on Theorem 10, the sample complexity of the algorithm is

o(b (' () )

The following plots demonstrate the relationship between the sample complexity

and the ¢ and ¢ parameters of the algorithm when f(z) = |xr — 0.5 describes
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the expectations of the arms and L = 1. Figure 10 explores the dependence of
sample complexity on e, the desired precision of the estimate. We can see, that as
€ increases, the sample complexity decreases steeply, this aligns with the derived
sample complexity formula. Figure 11 reveals the inverse relationship between the
sample complexity and §. We can observe that higher values of § correspond to
lower sample complexities. This is consistent with the log% term in the formula of

the sample complexity.
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Figure 12 shows the relationship between the sample complexity and the
Lipschitz constant used by the algorithm when the f(X) = —100|z — 0.5 function
describes the expectations of the arms. We can observe the logarithmic relationship

between L and the sample complexity suggested by the Theorem 10.
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Figure 12: The relationship between the sample complexity and the Lipschitz
constant (L) used by the algorithm in case of ¢ = 0.1 and § = 0.1
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8 Finitely Many Arms with a Concave Structure

In this section we will consider the case when there are finitely many arms and an
unknown concave function describes the expectations of the arms. By modifying
Algorithm 5 we can achieve to halve the set of arms in each round. First we will see
that this modified algorithm can be used to solve the case when there are 2™ + 1
arms for some m € N and then the general case can be solved using this special

case. The assumptions on the arms are the following:
Assumption 8. There are n =2™ + 1, m > 1 arms numbered from 0 to 2™.

Assumption 9. The expectation of arm i is f(i), where f : R — R is an unknown

concave function.
Assumption 10. The arms are 1-subgaussian.

The difference between Algorithm 5 and Algorithm 7 is that in the case when
pk e (i —e/4, i + ¢/4) and ji§ < 5 — e/4 then in Algorithm 5 only a quarter of
the arms is removed, while in Algorithm 7 the arm ¢, = (z{ + 2%)/2 is sampled
and based on the results another quarter of the arms is removed. Similarly, when
(i < b —e/4 and pf € (45 — /4, il +€/4) then arm x4, = (25 + x%)/2 is sampled

in order to remove another quarter of the arms.

8.1 Algorithm

Theorem 11. Under Assumptions 8 - 10, Algorithm 7 finds an e-optimal arm with
probability at least 1 — 9.
Lemma 14. Using the notation of Algorithm 7:
P(lfig — ol = /8 V |fig — p1p| = €/8) < 6/2.
Proof. Based on the properties of subgaussian random variables:
P(litg — ol > e/8V litg — ol > €/8)
< P(|fag — kol = ¢/8) +P(lfig — pol = ¢/8)
<2-2-exp-(—no-(¢/8)*/2)
< g =0/2.
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Algorithm 7

Input: € > 0,0 >0
Output: an arm which is e-optimal with probability at least 1 — ¢
Set 0g = 60/2, xy =0, ] = 2™ 2 xd =2m"1 gl =3.2m72 5} = 2™
Sample ng = [128log(4/d0)/e*] times x} and ..
Let fi¥ and p! denote the sample mean and the expectation of z?.
Set Sy ={i:0<i<2m}, 6 =0p/2, £ =1.
while |S,| > 5 do
Sample the three arms: z¢, x5, x5, so that each of them will be sampled
ny = [1281log(6/d,)/€?] times totally.
if fif, i € (35 — /4, i + ¢ /4) then return x4
else if i{ > 5 +¢/4 then Sp . = {i € Sy:i <ab}
else if fif > 5 +¢/4 then Sy = {i € Sp:4 > xQ}
else if jf, i < 5 —e/4 then Sy = {i € Sp: 2] <i < af}
else if jif € (i —e/4, 5 +¢/4) and if < i — /4 then
Sample n = [2881og(6/5,)/e%] — [12810og(6/5,)/c*] times z{ and 5 so
that they are sampled [2881log(6/d,)/e?] times totally.
Sample n = [288log(12/d,)/€?] times the arm z{ ; = (zf + %) /2.
if ¢ < il —¢e/6or > af;+¢e/6 then Sppq = {i: 28 <i<zi}
else if iy < i{, —¢/6 or if > if +¢/6 then S; 1y = {i:i < 28}
else return z{ ; end if
end if
else if i < i —e/4 and jf € (3 — /4, i + £/4) then
Sample n = [2881og(6/5)/e%] — [12810og(6/5,)/e*] times x4 and 5 so
that they are sampled [2881log(6/d,)/e?] times totally.
Sample n = [288log(12/d,)/€?] times the arm x5, = (x4 + x%) /2.
if (5 < jbs—e/6or i > 5 +¢e/6 then Sy = {i:i <z}
else if g < jb. —¢/6 or i > ib - +¢/6 then
Serp={i€e S :at <i<ab}
else return z4 ; end if
end if
z5™ = min Sy 1, 257 = max Spyq, 2T = (3 - 2h + 2T /4,
xgﬂ = (2 )2, 2l = (a 6;%1 432t /4
Opp1 =00/2, 0 =0+1
end while
Sample the 5 arms so that each of them is sampled n, = [1281og(6/d,)/£?]

times in total. Return the arm with the highest sample mean.




Lemma 15. If x is sampled ny = [1281log(6/d)/c*] times then

P(|fp— p| > ¢/8) < 4/3.
Similarly, if x is sampled ny = [2881og(6/8)/?] times then

P(f — pil = €/12) <6/3.
Proof. Based on Theorem 2:

Pl — | > ¢/8) < 2exp- (—nq - (£/8)%/2) < /3,
B(lii — jul > £/12) < 2exp- (—ma - (/12)%/2) < 6/3.
[

Lemma 16. Suppose that |fif — pf| < /8 and |35 — pf] < /8. Let x* denote the
optimal arm. If i < j and it > /lf + e/4, then x* < xf Similarly, if © > 7 and
il > /lg +¢e/4, then z* > :cf

Proof. If i < j and fif > fi} + /4, then puf > pu:
MfZ[Lf—a/SZﬂ§+€/4—5/8:ﬂ§+5/82u§.

Arguing indirectly, assume that 2* > zf. In this case, there exists a t € [0,1] such

that xf =t-af+ (1 —t)-2*. Because of the concavity:

faf) = flt-a;+ (1 —t)-a) >t~ fla0) + (1= 1) - f(a*) > f(xf).

This contradicts the fact that uf > /L?.
Similarly, if ¢ > j and i} > /lg +¢/4 then pf > uﬁ. Indirectly assume that z* < xﬁ
Then there exists a t € [0,1] such that 2§ = ¢ - 2} + (1 —t) - 2*. Because of the

concavity:
f@f) = flt-ai+ 1 —=t)-a") >t flaf) + (L=1)- f(z*) > f(x).

This again contradicts the fact that uf > H?-
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Lemma 17. Suppose that |fif — pf| < /12, |35 — pf| < €/12. Let x* denote the
optimal arm. If i < j and it > uj + /6, then x* < x . Simalarly, if © > 5 and
fit > jif +¢/6, then z* > af.

Proof. 1t can be proved the same way as Lemma 16. O

Lemma 18. If [if—p| < e/8 forj =0,1,2,3,4 and ji;_,, fit,, € (if—e/4, jii+e/4),
then

:U’z 17M1+1€[ _8/2 M2+6/2]

Proof. Based on the assumptions of the lemma:
iy 2 fiig — /82 fii —ef4—¢/8=ji; = 3/8-e > i —¢/8 = 3/8 e =i —¢/2,

pl <t 4e/8<pitefdte/8=pl+3/8 e <ul4¢e/8+3/8 =yl +e/2.

Similarly, pf , € [l — /2, uf +¢/2].
[

Lemma 19. If |fif —pb| < 5 for j =0,1,2,3,4 and ji_,, fif,, € (jif —¢/6, if +£/6),
then

luz 1’:“7,—&-16[ 5/3 uz+€/3]
Proof. Based on the assumptions of the lemma:

iy 2 fiiq — /12> i —e/6 —¢/12 > pi; — /12 = 3/12 - & = i — /3

pl < pb de/12< b+ e/64+e/12< pf +/12+3/12- e = pul /3.

Similarly, pf , € [pf — /3, uf +¢/3].
[

Lemma 20. If |if — pt| <e/8 fori=1,2,3 and if, i§ € (@5 —e/4, i +/4), then

> .
I max f(z) —&
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Proof. Let 2* = argmax,.g, f(x). Arguing indirectly assume, that f(z*) > f(x4)+e.
If x* < %, then there exists a t € [0, 1] such that xf = (1 — ) -2* +t-25. As z{

is closer to #* than to x5, t < 1/2. Because of the concavity:

flay) = f(1—t) 2" +1t- )
> (1—t) fla") +t- flzy)
> (L—1t)- (flzy) +e) +1t- f(z))
= flzg) +(1—1)-¢
> f(a5) +¢/2.
This contradicts the fact that f(zf{) < f(x%) + ¢/2 based on Lemma 18.
If 2§ < 2% < %, then there exists a t € [0,1] such that 25 = (1 —¢) - 2* +t - 25. As

x4 is closer to z* than to x§, t < 1/2. Because of the concavity:

flag) = f(L—1t) 2" +1-a3)
> (1—t)- fa*) +1t- f(x5)

t)- (flay) +e) +t- (flay) —e/2)
Y+ (1—3/2-1) ¢
)

This is again a contradiction.
If 25 < 2* < %, then there exists a t € [0,1] such that 2§ = (1 —¢) - 2{ +t - 2*. As

x4 is closer to z* than to z{, 1 >t > 1/2. Because of the concavity:

f(x3)

f((L=t) -2t +t-a%)
(1—t)- fah) +t- f(z")

v

> (1—1t) - (f(a3) —/2) +t- (f(z3) +¢)
= f(z3) +(3/2-t=1/2) €
> f(x5).

This way we got a contradiction.
If 2§ < 2, then there exists a t € [0,1] such that x§ = (1 —t) - 2§ +t - 2*.As 2§ is
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closer to z* than to x4, t > 1/2. Because of the concavity:

flag) = f(Q—1) a5 +1-2%)
> (1—1t) flay) +t- fz")
> (L—t)- flah) +t- (fla) +e)
= f(zh) +t-¢

> f(a5) +¢/2.

This contradicts the fact that f(z§) < f(x%) + /2 based on Lemma 18.
O]

Lemma 21. If ¢ — pt| < e/12 fori=1,1.5,2 and %, i € (4 5 — /6, i} s +¢/6),
then

s> max  f(z) —e.
’ ze{iz§<i<ai}

Similarly, if |i§ — uf| < e/12 fori = 2,2.5,3 and ji, i € (b5 — €/6, i 5 + €/6),
then

fp5>  max - f(z) —e.
' re{iz{<i<zf}

Proof. Let’s introduce the following notation

= argmax f(z).

ze{izf<i<zi}
Arguing indirectly assume, that f(z*) > f(a%,) +e. If 2* < 2%, then there exists a
t € [0,1] such that z{ = (1 —t) - 2* + ¢ - 2% .. From this t = ? < 2. Because of

the concavity:

> (1—t) fa") +t- flals)

> (1=1) (f(als) +e) +t flas)
= fzis) +(1—1t)-¢

> f(ah5) +¢/3.

This contradicts the fact that f(zf)

IN

f(xt ) + /3 based on Lemma 19.
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If 2§ < 2 < 2%, then there exists a t € [0, 1] such that z{ , = (1 —¢)-2* + ¢ - 25.

Here t = "’225%; < % Because of the concavity:

flats) = f(L—t) -2 +1t-ay)

> (1—1) f(a™) +t- f(a3)

> (1=1) - (fals) +e) +t-(flags) —/3)
= f(215)+(1—4/3:1) €
(%5)

This is again a contradiction.
If 2§ . < 2" < 2, then there exists a t € [0,1] such that 2{; = (1 —¢t)-2{ + ¢ 2"

In this case t = % >3 1 Because of the concavity:

($15):f((1_t) Ty +t-at)
> (1—t)- fzh) +t- fa")
> (1—1) - (flals) —¢/3) +t- (f(215) +e)
= f(als)+ (4/3-t—1/3) €
> f(a5).

This way we got another contradiction.
If x5 < x*, then there exists a t € [0, 1] such that 25 = (1 —¢) - 2{  + ¢ - 2*. In this

case t = T—ks > o 1 Because of the concavity:

flag) = f((1—t)-als+1t-a7)
> (1—t)- f(al5) +t- fa")
> (1=t) - flais) +t- (fags) +e)
= f(zy) +t-¢
> f(255) +¢/3.
This contradicts the fact that f(z8) < f(z!;) + /3 based on Lemma 19. O

Lemma 22. If |S,| =5 and |ji; — pj| < ¢e/8 for j =1,2,3,4,5 then the arm with

the highest sample mean is e-optimal.
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Proof. Suppose, that /i; is the highest sample mean. In this case for j = 1,2, 3,4, 5:
i = fi; —€/8 = pi; — /8 = py —e/4.
O

Proof of Theorem. Based on the lemmas, the probability that there is a round in
which for a sampled arm | — p| > /8 (or |1 — p| > £/12 when needed) is less
than 6. Now consider the case, when | — p| < e/8 (or |t — p| < €/12 when needed)
for all of the arms sampled in any of the rounds. In each round the set of the arms
is halved or the algorithm terminates. By Lemma 16 and 17 the optimal arm is
never removed and by Lemma 20, 21 and 22 an e-optimal arm is returned when
the algorithm terminates. This way Algorithm 7 returns an e-optimal arm with

probability at least 1 — 4. m

Theorem 12. The sample complexity of Algorithm 7 in case of n = 2™ + 1 arms

1 1
(@) <§ (mQ—i—mlogg)) .

Proof. At the beginning we sample two arms ng = [128log(4/dy)/e?] times. If in a

1S8:

round xq 5 or xo5 is sampled, then we will count these samples to the next round.
We can do this, because otherwise this arm would have been sampled in the next
round, but this way it is not needed anymore. This way in each round three arms
are sampled, each n = [2881og(6/d,)/e?| times max. When only five arms remain,

then three of them is already sampled, so in the last round only two arms have to
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be sampled, n = [28810g(6/,,-1)/€?] times maximum. So the sample complexity:

m—2

2- [12810g(4/d0)/*] +3 - > [28810g(6/5,) /]
+2 - [28810g(6/d,n_1)/]

m—1
288 6

m—1 ;
288 12.2°

i=1

288 (12m—1 . 2(m—1)m/2)

=3m+3- —log

62 5m71
288 12 (m—1)m

1 1
=0 (6—2 <m2+mlog3>> :

If there are 2™ 4+ 1 < n < 2™ + 1 arms, we can do the following:

Run the first round of Algorithm 7 with arms

U [5) tsis 5] e
=[] -rm =[5,
= it i
and &y = /2. If after the first round of Algorithm 7:
o So={i:x} <i<axl} thenset S={i:0<i<2m},
o So={i:x}l <i<ual} thenset S= {z ng —om-l <y < L%J +2m_1},

o So={i:xd <i<uzl} thenset S={i:n—2"<i<n}.

The length of S is 2™ 4 1 in all cases. Now do Algorithm 7 with S and 6y = §/8.
Based on the lemmas, the probability that the optimal arm is discarded in the first

round is less than % - 0. If the optimal arm is not removed in the first round, then
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Algorithm 7 with S and §y = ¢/8 will return an e-optimal arm with probability at
least 1 — ¢ /4. So the probability that the returned arm is not e-optimal is less than
0.

At the beginning two arms are sampled [1281og(4/d0)/c?] times each, then we
sample three arms [28810g(6/d,)/c?] times maximum. After that we do Algorithm
7 with dg = §/8 with 2™ + 1 arms, so based on our previous calculation, the sample

complexity in this case is:

2 - [1281og(4/80)/€*] + 3 - [28810g(6/6,) /€]
+0 <8—12 (m2 +mlog%>)
=0 (gi? <m2 +m10g%)) .

Similarly to the Lipschitz continuous case, if there is a known A > 0 such that
| — i1 | < A i=1,2,...,n, then Algorithm 7 can terminate when the number of
arms is 2- | 5] 4 1 or less, by returning the arm in the middle (). In this case the

returned arm will be e-optimal because:
-l <li-jl-A<|5]-A<e

In this case the algorithm can terminate after Llog2 WJ rounds so the sample

2?2 1

complexity in this case is:

where { = {log2 WJ .

8.2 Experiments

Based on Theorem 12, the sample complexity of the algorithm is

1 1
@) (; (m2+mlog5)) )

The following plots show the relationship between the sample complexity of
Algorithm 7 and the parameters of the algorithm, when the f(z) = —(x —0.5- N)?
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function describes the expectation of the arms in case of N arms. Figure 13 shows the

relationship between the sample complexity and the € parameter. We can observe,

that the sample complexity decreases steeply as the value of ¢ increases, which

aligns with the formula of sample complexity. Figure 14 explores the dependence of

sample complexity on J, and reveals the inverse relationship between them, which

is consistent with the log% term in the formula of sample complexity.
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Figure 15 and 16 show the relationship between the sample complexity and
the number of arms in case of two different values of §. For larger o values, the
relationship appears to be quadratic, while for smaller values, it seems more linear.
This is consistent with the fact that for higher values of §, the m? term dominates
in the formula of the sample complexity, while for smaller § values the mlog% term

becomes more significant.
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9 Conclusion

9.1 Overview of Known Results

In my thesis, I presented some of the principal results related to stochastic multi-
armed bandit problems. I explored two fundamental algorithms, each addressing a
different objective.

First, I presented the Upper Confidence Bound algorithm, which is one of the
best-known algorithms for maximizing the cumulative reward. Under this setting,
the regret is an important measure of performance, since it measures the difference
between the maximal reward, that can be achieve by playing the optimal arm all
the time and the expectation of the sum of the rewards collected by the algorithm.
By analyzing the regret of the algorithm, I demonstrated the effectiveness of the
algorithm in balancing exploration and exploitation to maximize the reward in the
long run.

Next, I examined the Median Elimination Algorithm, which can be used to
identify close-to-optimal arms in the multi-armed bandit problem. I proved, that
the algorithm returns a near-optimal arm with high probability and calculated the
sample complexity of the algorithm. I have also provided a matching lower bound

on the expected number of trials under any (g,0) — PAC policy.

9.2 Contributions of the Thesis

I have also presented my own results regarding some special cases of the multi-armed
bandit problem, in which further information is known about the expectations of
the arms. In all of these cases I assumed that the arms are 1-subgaussian. The main

contributions of this thesis are the following:

e [ have developed an (g,d) — PAC algorithm for the case, when there are
finitely many arms, and we know that the expectations of the arms increase
up to a certain arm, after which the expectation decreases, and the difference
between the expectations of neighboring arms is at least A, where A is

known in advance. In this case the optimal arm could be found using the
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Median Elimination algorithm (by choosing ¢ < A), however the provided

new algorithm finds the optimal arm much faster, with a sample complexity

of
1 n
@) (logn + A log 5)

n 1

I have also considered the case, when the arms are the points of the [0, 1]

instead of

interval and an unknown concave function describes the expectations of the
arms and developed an (g,0) — PAC algorithm for this case as well. This
algorithm can be improved further, if we now that the function is Lipschitz
continuous with a known Lipschitz contstant L. In this case, the algorithm
can terminate, if the interval of the remaining arms is small enough, since in
this case we can estimate the difference in the expectations of the arms in the
interval, using the fact, that the function is Lipschitz continuous. I have also

calculated the sample complexity of the algorithm.

After this, I have studied the the discrete case, when an unknown concave
function describes the expectations of the arms. I have modified the algorithm
created for the continuous case to work in the discrete case as well. The
algorithm in the continuous case removed at least one quarter of the arms
in each step. The idea was to modify the algorithm, so that it removes half
of the arms in each round. This way, the algorithm can work, when there are
2™ 4+ 1 arms for some m € N, since we can always sample the arm exactly
in the middle of two arms, this was obvious in the continuous case, but not
in the discrete case. In this case the Median Elimination algorithm could be

used to find an e-optimal arm with probability at least 1 — ¢ with a sample

n 1

However, the algorithm I developed achieves the same result with a sample

complexity of
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complexity of

1 1
@) (6—2 ((10g n)? + logn - log 5)) .

¢ [ have implemented each of these algorithms and run experiments to visualize

the relationship between he algorithm inputs and the sample complexity.

9.3 Future Directions

In this thesis, we focused on cases of the stochastic multi-armed bandit problem,
where the expectations of the arms are described by an unknown concave function.
However, the presented algorithms assume no additional external information.

A promising direction for future research is extending this framework to
contextual bandits, where the distributions of the rewards depend not only
on the selected arm but also on observable contextual information. Such an
extension is important, because in many real-world applications additional data
can significantly enhance decision-making. For example, recommendation systems
can use demographic information to provide better suggestions.

By incorporating a concave reward function in the contextual bandit framework,
it might be possible to develop algorithms that can leverage both contextual
information and the concave structure of the reward function to outperform the

existing algorithms.
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A Inequalities in Probability Theory

Statement 3. (Markov’s inequality)

For any random variable X and € > 0:

E[|X
€
Statement 4. (Doob’s mazimal inequality)

Let (X1)1y be a submartingle with X; > 0 almost surely for all t. Then for any

e >0,
E|X,
P(maxXt25) < [ ]

0<t<n €
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